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Abstract. We consider market allocation collusive agreements among differentiated Bertrand
competitors. The conventional assumption is that cartels select one member to be the active
supplier and all other members refrain from competing. However, with differentiated
products, designating a single supplier to be active may cause the cartel to lose many sales
and thus make collusion unprofitable. We show that cartel members may earn higher
expected profits when two or more members are selected to be active (even if they do not
collude on price). Furthermore, in a repeated-game framework, we show that selecting more
than one member decreases the critical discount factor above which collusion can be
sustained. Therefore, screening tools based on the assumption that a cartel selects only one

member to be active may generate false negatives.
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1. Introduction

Loertscher & Marx (2021, hereafter “LM”) derive a novel coordinated effects index
(hereafter, “CEI”) that evaluates the risk of collusion through market allocation among
competing suppliers. They assume that a cartel designates one of its members to be the
active supplier and all other members refrain from competing. Each cartel member is
willing to participate in the market allocation scheme only if the probability (or frequency)
with which the cartel will select it to be the active supplier is sufficiently high. LM define
the “critical share” of a cartel member as the minimum probability of being selected that
makes that member willing to participate in the cartel. The CEI is the sum of the critical
shares of the cartel members. For a given potential cartel, the market is at risk of collusion
through market allocation only if the CEl is less than 1 (since a CEI greater than 1 implies
that there are no feasible selection probabilities that make all members willing to

participate).

LM provide an analysis of collusive market allocation in the context of two competition
models, i.e., procurement auctions and differentiated Bertrand competition. We focus on
differentiated Bertrand competition and extend the analysis by allowing the cartel to select
more than one active supplier. We show that selecting two or more active suppliers can
make collusion profitable in situations where collusion is unprofitable if the cartel can

select only one active supplier.?

2 De Stefano & Moresi (2026) focus on procurement auctions and, similarly, show that collusion
through market allocation can be more profitable if the cartel designates more than one active
bidder.



The paper is organized as follows. In Section 2, we derive analytical results on the
relationship between the size of the cartel and the cartel’s optimal number of active
suppliers as well as the cartel’s maximized profits. As in LM, that analysis focuses on the
participation or individual rationality (“IR”) constraint. We show that the cartel can relax
the IR constraints by selecting more than one active supplier. In Section 3, we extend the
analysis and consider a repeated-game framework with incentive compatibility (“IC”)
constraints (i.e., members do not have any incentives to cheat). We show that the cartel can
relax the IC constraints by selecting more than one active supplier, and provide numerical

examples using a logit demand model.

2. Market Allocation in a Static One-Period Model

Notation and assumptions

n = number of potential suppliers, assumed symmetric.

k = number of colluders among the n potential suppliers, where 2 < k < n.

m = number of active colluders, where 1 < m < k.

m%(s) = per-period non-collusive equilibrium profit of an active supplier when there are s
active suppliers, where the function 7¢ is assumed to be strictly decreasing and log-convex

ins:

(s —1) > n%(s) for2<s<n

(s —1) T (s)
Te(s) (s + 1)

for2<s<n-1



Intuitively, log-convexity means that the proportional profit reduction from adding one
more competitor is decreasing in the number of competitors, a form of diminishing
“marginal competition.” Log-convexity is satisfied in most familiar models of symmetric
oligopolies and symmetric auctions. For example, profits are log-convex in models of
private value procurement auctions, and in models of Cournot competition with
homogeneous products, linear costs, and commonly-used demand functions (e.g., linear,
iso-elastic, and exponential inverse demand functions).? We show in the Online Appendix
that profits are log-convex in models of Bertrand competition with differentiated products,

linear costs, and either linear or logit demand functions.
Definitions and Lemmas*
Given n > 2, for any cartel with k members (where 2 < k < n):

- If the cartel randomly selects m members to be active suppliers (where 1 < m < k),

then the per-period ex-ante expected profit of each of the k cartel members is

n(k,m) =n%(n—k+m) %.5

- The cartel’s profit-maximizing number of active cartel members is m(k) =

argmax<m<i (k,m).°

3 See, eg, Belleflamme and Bloch (2004).
4 Proofs are provided in the Online Appendix
5 We assume that selected firms do not coordinate their prices.

6 Implicitly, if multiple values of m maximize m(k, m) then m(k) is the largest of those values. We
show examples where m(k) is greater than one.
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- The cartel is “profitable” if w(k, m(k)) > m%(n). That is, each member of the cartel is

strictly better off relative to the non-collusive outcome.

In this section, following Loertscher & Marx (2021), we adopt a static approach by studying

cartel profitability within a single period game.

Lemma 1. From the above definitions:

() n(k, k) = m%(n), ie, there is no collusion if all the cartel members are active.

(ii)  Ifthe cartel is profitable (respectively, not profitable), then m(k) < k

(respectively, m(k) = k).

Lemma 2. 1f market allocation is profitable for a cartel with k < n — 1 firms, then:

() It is even more profitable for a cartel with k + 1 firms, i.e., broader cartels are

more profitable.

(i) m(k+ 1) <m(k),lie, the optimal number of active members does not increase

with the number of cartel members.

Propositions and Corollaries

The following three propositions follow directly from Lemma 2.

Proposition 1. If market allocation is unprofitable for the all-inclusive cartel with k = n

firms, then it is also unprofitable for any cartel with k < n firms.

Proposition 2. 1f market allocation is profitable for k = 2 firms, then it is also profitable for
any cartel with k > 2 firms, and the cartel’s profit-maximizing number of active members is

one, e, m(k) = 1.



Proposition 3. The optimal number of active members does not increase with the number

of cartel members.”’

Numerical Examples

We use simulations to illustrate cases where a cartel optimally selects more than one active
supplier, and cases where the Loertscher & Marx (2021) CEI index fails to identify a
profitable cartel. We consider a market with 5 symmetric firms and assess the profitability
of an all-inclusive cartel with all 5 firms that offer one product each. We assume that
demand follows a flat Logit model, with product fixed effect A and price coefficient a.8

Across simulations, we vary 4 and «a, but keep marginal cost fixed at 1.

Table 1 reports results when the price coefficient « equals -1 and 4 varies from 2.2 to 4.2.
When allowing multiple active suppliers, collusion is profitable when A > 2.5: (i) when 1 =
2.5, the cartel selects four active suppliers; (ii) when A is between 2.6 and 2.8, the cartel
selects three active suppliers; (iii) when A is between 2.9 and 3.9, the cartel selects two
active suppliers; and (iv) only when A > 4, the cartel selects one supplier. The intuition why
collusion becomes more feasible when A increases is that an increase in A reduces the share
of the outside option, which in turn implies that fewer customers divert to the outside

option when some of the colluding firms refrain from participating in the market.

7 Recall that if a cartel has k members, then the number of active suppliersis s, =n — k + m(k),
and if the cartel has k + 1 members, then the number of active suppliersis sy, =n—k—1+
m(k + 1). Therefore m(k + 1) < m(k) implies sp11 < s — 1.

See Berry (1994). The latent utility of consumer k for productiis uy; = 1 — ap; + €;-
6



The last column of Table 1 reports LM CEI The shaded rows reflect situations when LM CEI
suggests inability to collude (i.e., the index is greater than 1) but collusion is profitable
when the cartel can designate multiple active suppliers.?

Table 1: Simulation results varying A from 2.2 to 4.2 and assuming a = —1.

n (# fims) = k(# of cartel members) =5

A Optimal Share of Outside Expected Profit Expected Profit E(iopl:cct:eeclasl;i;?it % Increase in  Loertscher and
(Product Number of Good without . . without Price Due to Marx (2021)
Fixed Effect) Active Firms Collusion with Collusion Collusion Due Fo Collusion CEl
Collusion
2.2 5 16.7% 0.2000 0.2000 0% 0.0% 1.56
2.3 5 15.4% 0.2037 0.2037 0% 0.0% 1.49
2.4 5 14.2% 0.2073 0.2073 0% 0.0% 1.43
2.5 4 13.0% 0.2111 0.2106 0% 2.4% 1.37
2.6 3 12.0% 0.2154 0.2137 1% 6.6% 1.32
2.7 3 11.0% 0.2208 0.2166 2% 6.8% 1.27
2.8 3 10.1% 0.2260 0.2193 3% 7.1% 1.22
2.9 2 9.2% 0.2318 0.2218 4% 16.1% 1.17
3.0 2 8.4% 0.2396 0.2242 7% 16.8% 1.12
3.1 2 7.7% 0.2473 0.2264 9% 17.6% 1.08
3.2 2 7.0% 0.2548 0.2284 12% 18.3% 1.04
3.3 2 6.4% 0.2623 0.2302 14% 19.1% 1.00
34 2 5.9% 0.2696 0.2320 16% 19.8% 0.96
3.5 2 5.3% 0.2767 0.2335 18% 20.5% 0.92
3.6 2 4.9% 0.2836 0.2350 21% 21.2% 0.89
3.7 2 4.4% 0.2904 0.2363 23% 21.9% 0.86
3.8 2 4.0% 0.2969 0.2375 25% 22.6% 0.83
3.9 2 3.7% 0.3032 0.2387 27% 23.2% 0.80
4.0 1 3.3% 0.3114 0.2397 30% 58.8% 0.77
4.1 1 3.0% 0.3237 0.2406 35% 61.5% 0.74
4.2 1 2.7% 0.3362 0.2415 39% 64.2% 0.72
4.3 1 2.5% 0.3488 0.2423 44% 67.0% 0.69
4.4 1 2.3% 0.3616 0.2430 49% 69.8% 0.67
4.5 1 2.1% 0.3745 0.2436 54% 72.6% 0.65

3. Incentive Compatibility in a Repeated Game

Following Loertscher and Marx (2021), the previous analysis is static. This is in contrast to

most of the coordinated-effects literature, which has taken a repeated-game approach.1?

®  We obtain similar results when varying the price coefficient a.
10 See, for example, Mansley et al. (2023), Ivaldi & Lagos (2017), and lossa, Loertscher, Marx & Rey
(2020, 2024).



Here we switch to a repeated game framework and show that, even in this context,
selecting multiple active suppliers may relax the cartel members’ incentive compatibility
condition and expand the scope for collusion compared to when the cartel is assumed to

select a single active supplier.

In the context of a repeated game, coordination requires that cartel members do not have
an incentive to cheat, i.e., members not selected by the cartel to be active in a period must

not find it profitable to deviate and enter the market instead.11

Assume that if colluding firm i cheats, i.e., is active when it is not a designated firm, then it
makes profit P (k, m). Two alternative assumptions are possible. One assumption, which is
the standard assumption in the literature, is that designated firms and other active firms
not in the cartel can adjust their prices only in the period following the cheating, which
implies that t (k,m) > m%(n — k + m + 1). Alternatively, one can assume that designated
firms and firms not in the cartel can adjust prices immediately upon entry (i.e., within the
period when cheating occurs), which implies that 7f (k,m) = t%(n — k + m + 1).If
cheating occurs, then the cartel breaks down and the game reverts to Bertrand competition
(i.e., the cartel adopts a “grim strategy”). We assume that non-designated colluding firms
can enter only in the period following the deviation. Let § € [0,1] denote the discount

factor. Incentive compatibility requires that:

P (k,m) +

a <
T (k'k)_1—6

-5 m(k,m) [1]

" We assume a “memoryless” selection process in the sense that the selection probability is the
same every period and independent of who was selected in any previous period.
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That is, the short-run profit from cheating plus future expected profits in Bertrand
competition, which generates % (k, k) per period, must be lower than waiting a period and

receive expected collusion profits 7 (k, m) every period.
Solving for § yields the critical discount factor:

5 = np (k,m)
~ nw(k,m) — w(k, k) + P (k,m)

Collusion is sustainable when § > §*.

Proposition 4. Suppose k > m(k) > 1. Then, designating m(k) suppliers instead of one

decreases the critical discount factor 6*.

The result is intuitive. First, m(k, m(k)) > m(k, 1) by definition of m(k). Then designating
m(k) suppliers instead of one increases the right-hand side of equation (1), i.e., makes the
profit from sticking to the collusion higher. Furthermore, } (k, m(k)) < n? (k, 1) because
the profit from deviation is smaller when there are more active firms, i.e., the immediate
benefit from cheating decreases. This means that designating m(k) suppliers decreases the
left-hand side of equation (1). The net effect of these effects is to increase the scope for

collusion.

Furthermore, as the following example illustrates, the cartel may need to designate more
than one active member to make the collusion sustainable. Intuitively this occurs when
increasing the number of designated colluders reduces the expected profit from collusion

less than the profit from cheating.

Numerical Example



As in the previous simulations, consider a market with 5 firms and assume a Logit demand
model where customers’ fixed utility is 4 =4, the price coefficient is @ = —1, and marginal

cost of production is ¢ = 1. For the simulations, we also assume that designated firms and
other active firms not in the cartel can adjust their prices only in the period following the

cheating, Table 2 shows results for a cartel with k firms and m designated firms.

Table 2: Simulation results varying the cartel size and number of selected suppliers

Profit | pesignated Colluding Firms |  Cheating Colluding Firm Profit: % - )
without X Critical Discount Factor
k=num. m=num. | Collusion Ex-ante Price in Profit from leference_ Ex- P
colluding  designated Price  Expected Profit periodof  Cheating  ante Collusionv - 2 s
firms firms m(k, k) m(k,m) Cheating H?(k: m) Bertrand ' ' Y
2 1 0.240 2.314 0.157 2.254 0.254 -0.345 >1
2 0.240 2.240 0.240 0.000 --
3 1 0.240 2.452 0.151 2.346 0.346 -0.371 >1
2 0.240 2.314 0.209 2.254 0.254 -0.127 >1
3 0.240 2.240 0.240 0.000 --
4 1 0.240 2.773 0.193 2.547 0.547 -0.193 >1
2 0.240 2.452 0.226 2.346 0.346 -0.057 >1
3 0.240 2.314 0.235 2.254 0.254 -0.018 >1
4 0.240 2.240 0.240 0.000 --
5 1 0.240 3.557 0.311 3.031 1.031 0.299 0.935
2 0.240 2.773 0.309 2.547 0.547 0.290 0.887
3 0.240 2.452 0.271 2.346 0.346 0.131 0.917
4 0.240 2.314 0.251 2.254 0.254 0.048 0.957
5 0.240 2.240 0.240 0.000 -

First, ignore the IC constraint. Only the all-inclusive collusion is profitable, and the optimal

number of selected members is m(5) = 1.

Now consider the IC constraint. The table shows the critical discount factor 6 for all
profitable collusions. If the actual discount factor is greater than 0.935, then the all-
inclusive cartel selects 1 supplier. But if the discount factor is below that cutoff, the IC
constraint would be violated if the cartel designated a single active supplier. The cartel,

however, could be sustainable if two to four suppliers were selected. In the numerical

10



example, if the discount factor is below 0.935 but higher than 0.887, then the cartel

designates two active suppliers and the IC is met.

4. Conclusion

We showed that allowing cartels to select multiple active suppliers may expand the scope
for profitable market allocation. Because screening tools that assume a single designated
supplier will systematically understate the scope for collusion in differentiated product
markets, antitrust agencies using CEI should consider the possibility of multi-supplier

designation.
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Online Appendix

Appendix A: Proofthatrn®(s) is strictly decreasing and log-convex in models of Bertrand

competition

A) Linear demand
Consider n = 2 symmetric single-product firms. Let q; and p; denote the quantity and
price of product i (purchased from firm i). As in Spence (1976), assume that the inverse
demand function for product i is linear:
pi=a—bq—dY+iq;
wherea > 0,b > 0,and 0 < d < b are scalars. Assume further that the cost of producing
product i is linear:
C; =cq;
where 0 < ¢ < a. Deriving the ordinary demand functions and solving for the symmetric
Bertrand-Nash equilibrium price, the equilibrium profit of each firm is:

(b= (b+ (n—2)d)(a—c)?
T (b+(m—-1)d)(2b + (n—3)d)?

m(n)
Note that t%(s) = n(s) for all s < n, and 7 (s) is strictly decreasing in s for all s > 2
since (s — 1) > m(s) is equivalent to:
44+ (10s — 27)r + (852 — 425 + 56)r2 + (25 — 1652+ 425 —37)r3 >0 (A1)

where r = d/b. For s = 2, (A1) reduces to 4 — 3r + r? > 0 which is true since 0 < r < 1.
For s = 3, (A1) reduces to 4 + 3r + 2r? — r3 > 0 which also is true, and for s > 4 all four

terms in (A1) are strictly positive.
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7(s) is strictly log-convex in s for all s > 2 since n%(s — 1) /n%(s) > n%(s)/n*(s + 1) is

equivalent to:

ay + a7 + axr? 4+ agrd + art + agr® + agr® >0 (A2)
where:

ay =8, a; = 40s — 104, a, = 82s% — 3965 + 497

a; = 88s3 — 604s? + 14365 — 1174

a, = 52s* — 460s3 + 156652 — 2450s + 1476

as = 165> — 174s* + 76453 — 1718s? + 1992s — 946

ag = 25% — 26s5° + 140s* — 40653 + 678s% — 6225 + 243

Fors = 2, (A2) reducesto 8 — 16(1 —r)r + (1 = r?)r?2 + (1 —r)(3 — r)r3 > 0 which is
true. For s = 3, (A2) reduces to 8 + 167 + 47r% + 74r3 + 12r* — 10r> — 37°% > 0 which

also is true, and for s > 4 all seven terms in (A2) are strictly positive.
B) Logit demand

Each firm i € {1,.., N} offers one product. Customers are indexed by k € {1,.., M} and each

customer has utility u;,; when buying product i. This utility is defined by:
Uy = 6; — ap; + &;

where §; is the mean utility that product i provides to all customers and ap; is disutility from
paying price p;, whereas &; is additional utility privately known by each customer. In

addition, customers can also choose an outside option that gives utility u,, = &;o. Assume
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that g; is independent across products and the outside option and is identically distributed

extreme value. And assume that firms are symmetric, which implies §; = § and p; = p.

It can be shown that the share of customers that buys each product equals:

S—ap

S=———F—
14 Nebé-ap

and the share that chooses the outside good equals:

1
=1—-Ns=
S0 * T 1+ Ned-ap
These two equations imply:
C__ = gdmap (B1)
1—Ns

Next, assume that the cost of producing product i is linear, so C; = cq; and per-firm
profit is:
m = (p— c)Ms

The first-order condition for price optimality implies that:

p—c 1
P Ul
where 7 is each firm’s own-price elasticity and in the Logit model equals n = —ap(1 — s).

Hence, the first-order condition simplifies to:

1
—_— = B2
p—c a(l — s) (B2)
and per-firm profit equals:
__Ms B3
= a(l — s) (B3)
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Likewise, substituting (B2) into (B1) yields:

1
S _ e&—ac—(l_s)
1—Ns
which can be rearranged as:
1
N = l _ —6+ac+m (34)
S
d?log (1)

To prove log-convexity, we show that > 0. First, from (B3),

d2N
M
log(m) = log (E) + log(s) —log (1 —s)

From here,

d log(m) _lds 1 ds 1 ds

dN _st+1—sW_s(1—s)W

. . . ds 1 anN
The inverse-function theorem gives preilr where - can be evaluated from (B4):
ds

1
dN 1 e—é‘+ac+m <(1 S) + s“e a S)>

a5 2 T a=sz 2(1 —5)? <0
and also implies that g—; < 0. Using this result:
d log(m) s(1-s)
dN T —Stact——— <0 (B5)
(1 —15)% + s2e 1-s)

which proves that m is strictly decreasing with respect to the number of firms N.

Further, to show log-convexity, differentiating (B5) with respect to N,
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d? log(m) s
g\m) _ _ dN

d?N 1
((1 —5)2 +s2e OTT-9 s))

1
—6+6{C+m)

> ((1=25)((1 —5)* + s%e

_ 1 _ 1 1
—s(1—-5)(—2(1 —s) + 2se Sracta=s) + s2e Sretas m)) (B6)

Therefore, to show that the second derivative is negative it is sufficient to show that:

(1-28)((1—s)*+ sze_6+ac+ﬁ) —s(1—-s)(-2(1—-s)+ 25e_6+ac+ﬁ
N sze_6+ac+ﬁ(1_;s)2)) >0
And can be simplified to:
(1-s)%— e_5+ac+(1—i5) (15_2 9 >0
Replacing (B4),
(1—-35)2—(1—Ns) a i 5 - (1- 5)31—_551 — Ns)
Hence, the key condition to check is that
(1-5)3—-s(1—Ns)=>0

& 1—4s+3s2—s3+Ns?>0 (B7)

Since 0 < s < 1, then s? > s3, and it is sufficient to show that:
1—4s+(N+2)s2>0 (B8)

Further, since s < %, it is also sufficient to show that:
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4
1_N+(N+2)5220

And this condition holds trivially for N > 4.
When N = 2, (B8) reduces to:
(1-25)2=>0
which holds Vs. Similarly, when N = 3, (B8) reduces to:
(1-25)24+5s%220

which also holds Vs and complete the proof.

18

(B9)



Appendix B: Proofof Lemma 2

i) Ifmarket allocation is profitable fork < n — 1 firms, then it is even more profitable

fork + 1 firms.
By definition:
n(k+1mk+1) =nlk+1,mk) + 1)
Subtract n(k, m(k)) from both sides:
n(k +1,mk + 1) —n(k,mk)) =nk+1,mk) + 1) — z(k,m(k)) (1)

Since there are n — k + m(k) active firms in both a situation where there are k colluders of
which m(k) are active and a situation where there are k + 1 colluders of which m(k) + 1

are active:

n(k + 1,m(k) + 1) — n(k,m(k)) = 7%(n — k + m(k)) (m(k) +1 m(k))

k+1  k

k —m(k
_ na(n—k+m(k))(k+—ml()k) >0 @)

where the last inequality follows from the assumption that a cartel with k < n — 1 firms is

profitable, ie, k > m(k). Then, (1) and (2) imply 7(k + 1,m(k + 1)) > n(k, m(k)).
ii) If market allocation is profitable fork < n — 1 firms, thenm(k + 1) < m(k).

Recall that m%(s) is log-convex, ie.:

(s —1) T (s)
1a(s) me(s + 1)

for2<s<n-1 3)
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and therefore:

T%(s—1) % (s)
ma(s") ma(s'+ 1)

for2<s<s'<n-1 (4)

Recall also that, if market allocation is profitable for k < n — 1 firms, then it is also

profitable for k + 1 firms (see above) and thus m(k) < kandm(k + 1) < k + 1.
By definition, n(k,m(k)) > n(k,m(k + 1)) and thus:

na(n —k+ m(k)) m(k) > n“(n —k+m(k+ 1))

m(k + 1)
%z %

k

which implies:

m%(n —k + m(k)) J mk+1)

m¢(n—k+m(k+1)  mk) ®)
Similarly, n(k +1,m(k + 1)) > n(k + 1,m(k)) and:
m(k+ 1) > na(n —k—1+ m(k)) ©)
m(k) ni(n—k—1+m(k+1))
(5) and (6) imply:
na(n —k+ m(k)) - n“(n —k—1+ m(k)) o

rra(n—k+m(k+1)) N na(n—k—1+m(k+1))

(7) and m(k + 1) > m(k) would contradict either (5) or (6). Hence, m(k + 1) < m(k).
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Appendix C: Proofs in Repeated Game Model.

Proposition 4. Suppose k > m(k) > 1. Then, selecting m(k) suppliers instead of one

supplier decreases the critical discount factor §*.

Proof. Suppose that the cartel colludes by selecting one active supplier, so m = 1 instead of

m(k). Then the minimal discount factor § such that IC holds is:

5 = P (k, 1)
Yk, 1) — n(k, k) + P (k, 1)

First, note that selecting m(k) suppliers being profitable implies that w(k, m(k)) > n(k, 1).
Second, note that 72 (k,m) < nP(k, 1), i.e., designating more than one supplier reduces the

short-run profits from deviating from the collusive agreement.
The claim that §* < §; requires:

P (k, m) P (k, 1)
n(k,m(k)) —n(k, k) + P (k,m) < w(k,1) — n(k, k) + nP(k, 1)

Note that w(k, m(k)) > n(k, k) because m(k) < k. The inequality above can then be

rearranged as:

mP(k,m) n(k,m(k)) —n(k, k) + nP(k,m)
DD - kD) —nlol) + 200, 1)

This inequality holds if and only if:

2P em) (e, m(k)) — (k. k)
DD - wlk1) =l k)

This inequality holds because if m(k) > 1, then:
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P (k,m)

—<1
P (k, 1)

whereas m(k, m(k)) > n(k, 1) ensures that:

w(k,m(k)) —n(k, k)
w(k,1) —n(k, k)

22



