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Introduction

• Collusion in a canonical game of infinitely repeated symmetric first-price
procurement auctions with complete information

• Difference to previous work: on-path strategies can
• be non-stationary, and
• involve price randomization

⇒ Featured by price randomization and favor exchange
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Contribution

Two main contributions

1 Collusion sustainable for a wider range of discount factors than previously
recognized

2 Explanation for observed cartel behavior:
• struggling cartels

• imperfect bid rotation schemes
• E.g., German power cable cartel (1958-1990); Korean Hume pipes cartels

(2012-2016)
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Contribution: new scope of collusion

• Known results for two-firm case:
• δ ≥ 1

2
: symmetric monopoly outcome sustainable

• δ < 1
2
: no collusion can be sustained (in any pure-strategy, stationary, or

strongly-symmetric equilibrium)

• This paper shows: Imperfect collusion is sustainable for some δ < 1
2

• ...and requires combination of
• continuation payoff rewards for losers, and
• on-path price randomization
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Contribution: explanation

Theory captures “struggling cartels” in which

• apparently deliberate “cheating” happens and

• leads to internal reallocations of future business rather than cartel breakdown

and “imperfect bid rotation”

• Loser rewarded with higher winning probability in next period...

• ...but no firm ever places a bid certain to lose

• unlike in a perfect bid rotation scheme (e.g., Kawai et al. 2025)

⇒ New perspective on how to interpret observed imperfect bid rotation patterns
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Model

Stage game: first-price procurement auction

• Reserve price 1, production cost 0

• Two firms i = 1, 2 simultaneously choose prices pi ∈ [0, 1]
• If pi < p−i , i wins and earns pi
• If p1 = p2, firms jointly determine allocation

• Each firm submits a number (=allocation bid) gi ∈ [0, 1]
• In case of price tie, firm i wins with probability gi

g1+g2
(Athey and Bagwell, 2001;

Chassang and Ortner, 2019)

• Strategy: mixture over prices + allocation bid for each price in support

• Firms earn zero profits in any NE of stage game
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Model

Infinitely-repeated game

• The firms play the stage game in periods t = 0, 1, 2, ...

• Common discount factor δ ∈ (0, 1)

• Public history among firms at period t ≥ 1:

ht = (ps1, p
s
2, g

s
1 , g

s
2 , x

s)t−1
s=0,

where x t ∈ {1, 2} denotes identity of winner in period t

• Strategy of firm i in period t: σt
i = (F t

i , γ
t
i ), with

• mixture over prices F t
i : Ht → ∆([0, 1])

• allocation bid function γt
i : Ht × suppF t

i → [0, 1]

• Firm i ’s normalized expected discounted payoff: Πi ∈ [0, 1]
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Model: preliminaries

Subgame perfect equilibrium (SPE)

• If δ ≥ 1
2 , “perfect collusion” with Π1 = Π2 =

1
2 is sustainable

• This paper: what happens if δ < 1
2?

For δ < 1
2 , Π1 = Π2 = 0 in any SPE that is

• pure
degenerate F t

i (h
t) for all i , t, and ht

• or stationary
∃ stage-game strategies (σ̂1, σ̂2) s.t. σ

t
i (h

t) = σ̂i after any on-path ht

• or strongly-symmetric
σt
1(h

t) = σt
2(h

t) for all t and ht ⇒ continuation payoffs symmetric after any history

⇒ Consider broader class of strategies: Two-state SPE
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Model: two-state SPE

1 plays
1 wins

2 wins

2 plays

In case of a tie, 1 wins 
with probability

1 plays

2 plays

In case of a tie, 2 wins 
with probability

1 wins2 wins

Figure: Automaton representation of on-path strategies

• Grim-trigger strategies: any off-path public history triggers reversion to static
Nash (with zero profit)

• Πj : normalized expected equ. payoff of firm j ∈ {W , L}
• An equilibrium is called collusive if ΠW +ΠL > 0
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Equilibrium analysis: roadmap

Analysis proceeds in three steps:

1. Necessary properties of collusive equilibria

2. Critical discount factor

3. Optimal collusive equilibria
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Necessary properties of collusive equilibria

ˆ

W

L

F

F

p p p

• Overlapping atoms at a common target price p with γW (p̄) ∈ (0, 1)
• No firm ever chooses a price certain to lose on the collusive path

• Supports of on-path price distributions have “holes” below target price
• Marginally undercutting the target price p̄ is an off-path deviation

• FW places an atom at the price floor
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Necessary properties of collusive equilibria

For each j = W , L, let

• ∆j : probability mass Fj puts on p̄ (size of atom)

• Gj : j ’s winning probability when it sets p̄

IC conditions to rule out undercutting of the target price:

ΠW ≥ (1− δ)∆Lp (ICW1)

ΠL ≥ (1− δ)∆W p, (ICL1)

where

ΠW = (1− δ)GW p + δ(GWΠL + (1− GW )ΠW ),

ΠL = (1− δ)GLp + δ(GLΠL + (1− GL)ΠW )
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Necessary properties of collusive equilibria

From these two IC conditions,

Proposition

In a collusive equilibrium, ∆W < 1 and ΠW > ΠL > 0.

A collusive equilibrium must involve both

• on-path randomization (by at least firm W ) and

• continuation payoff rewards for losers
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Necessary properties of collusive equilibria

Why? Rewrite (ICL1):

δ

1− δ
(∆W (1− γW )ΠL + (1−∆W (1− γW ))ΠW )︸ ︷︷ ︸

Loss in future profits

≥ ∆W γW p︸ ︷︷ ︸
Short-term profit gain
from undercutting p

Effect of price randomization by W :

• ∆W ↓ ⇒ short-term deviation gain ↓
• But if ΠW = ΠL, then ΠW = ΠL = ∆W (1− γW )p̄ and (ICL1) becomes

δ

1− δ
HH∆W (1− γW )p̄ ≥HH∆W γW p̄ ⇐⇒ δ ≥ γW

• Reduction in the short-run deviation gain is offset by reduction in
continuation payoff
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Necessary properties of collusive equilibria

Why does the combination of ΠW > ΠL and ∆W < 1 help?

• If ΠW > ΠL, on-path losing carries a future reward

• ∆W ↓ ⇒ higher probability L loses at p ⇒ L more likely receives a favor
tomorrow with p

• There is no similar reward when undercutting p

• The two effects on the short-term gain and the long-term loss no longer offset
each other
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Critical discount factor

Together with other IC conditions (for price floors)...

Theorem

A collusive equilibrium exists if and only if δ >
√
2− 1 ≈ 0.414.

(⇒) Show that the necessary conditions cannot be jointly satisfied for δ ≤
√
2− 1

(⇐) Construct a collusive equilibrium with interval-plus-point randomization for
every δ >

√
2− 1, by setting (ICW1), (ICL1) and (ICL2) all binding
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Optimal collusive equilibria
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• In an optimal collusive equilibrium, p = 1.

• One of three classes of equilibria
• Optimal cartel profit strictly rises with firm patience (δ)

• not bang-bang
• Limits: zero for δ ↘

√
2− 1, monopoly for δ ↗ 1

2
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Optimal collusive equilibria

0.42 0.44 0.46 0.48 0.50

0.2

0.4

0.6

0.8

1.0

Cartel Profit

δ 

Interval-plus-point
randomization

One-sided randomizationTwo-point
randomization

Features of equ. price distributions:

• Collusive strategies involve “fewer prices”
at higher discount factors

• Prob. of tie at the monopoly price and the
expected winning price strictly rise with δ

• FL FOSD FW , but imperfect bid rotation
• As δ rises, convergence to symmetric

pure strategies
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Relation to collusive markers

Collusive markers used by authorities/proposed in lit.:

1. Missing mass of close losing bids (Chassang et al. 2022)
• Our theory: Yes whenever winning price < target price

2. Strict bid rotation
• Our theory: Imperfect nature of bid rotation essential for sustainability

3. Low price variance over time
• Our theory: high variance at moderately successful imperfect collusion
• But: low coefficient of variation associated with successful imperfect collusion
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Extensions and robustness checks

Isomorphic to Bertrand competition with elastic demand

• State transitions governed by market shares

• Firms bid normalized industry revenue instead of price

The main insight also extends to

• N > 2 firms

• Fluctuating (common) production cost
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Takeaways

• Price randomization and history-dependent favor exchange can play
complementary roles in relaxing incentive constraints

• Building on this insight, we identify a new scope for (imperfect) collusion and
characterize optimal imperfect collusion

• Equilibrium results can explain observed cartel behavior
• deliberate deviations from high prices followed by internal reallocations of

future business rather than cartel breakdown
• imperfect bid rotation
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