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Abstract

We analyze the sustainability of collusion in infinitely repeated symmetric first-price
procurement auctions with complete information. We show that strategies combining on-
path price randomization and continuation payoff rewards for losers enable collusion in
this canonical model for a wider range of discount factors than previously recognized.
Our theory can explain imperfect collusive bid rotation schemes as well as observed cartel
behavior in which seemingly deliberate deviations from collusive pricing happen and are

followed by internal reallocations of future business rather than cartel breakdown.

1 Introduction

In this paper, we analyze collusion in a canonical game of repeated symmetric price compe-
tition with complete information. The analysis differs from existing work in that we consider
a broader class of equilibria, allowing the firms’ on-path strategies to be non-stationary and to
involve price randomization. This broader perspective leads to two main contributions. First,
we show that collusion in a classic model is sustainable for a wider range of discount factors
than previously recognized. Second, our theory can rationalize observed cartel behavior that
existing theories of collusion cannot adequately account for.

Consider a symmetric two-firm game of infinitely repeated first-price procurement auc-
tions with complete information and perfect monitoring. It is well-known that the symmetric
monopoly outcome is sustainable in a (pure-strategy, stationary, and strongly-symmetric) sub-
game perfect equilibrium of this game if each firm’s discount factor is at least one half, but
that no collusion can be sustained for discount factors below this critical threshold in any pure-

strategy, stationary, or strongly-symmetric equilibrium. Our analysis uncovers that once we

“Yonsei University, School of Economics; econ.jihwando@yonsei.ac.kr
"'University of Rochester, Simon Business School, and CEPR; jeanine.miklos-thal @simon.rochester.edu


mailto:econ.jihwando@yonsei.ac.kr
mailto:jeanine.miklos-thal@simon.rochester.edu

consider a broader class of equilibria, in which on-path strategies can depend on the identity of
last-period’s winner and involve mixing, there exists a range of discount factors below one half
for which imperfect collusion, yielding supra-competitive but below monopoly-level profits, is
sustainable.!"?

Successful imperfect collusion requires a combination of on-path price randomization and
asymmetric history-dependent continuation payoffs. The winning price is stochastic, no firm
ever sets a price certain to lose, and a losing firm is rewarded with higher continuation payoffs.
The intuition for the complementary roles played by price randomization and continuation
payoff rewards for losers is as follows. We first show that for collusion to be sustainable at
discount factors below one half, the on-path price distributions of both firms (last period’s
loser and last period’s winner) must place atoms on a common maximum price—equal to the
monopoly price in a cartel-optimal equilibrium—and zero mass on prices right below this “tar-
get price.” The combination of on-path price randomization and continuation payoff rewards
for losers then alleviates the incentive constraints that deter undercutting of this target price.
Intuitively, when the rival firm randomizes over prices, undercutting the target price no longer
guarantees winning, which reduces the short-run gain from such a deviation. In a stationary
equilibrium, however, this effect is exactly offset by a proportional reduction in future on-
path profits, and thus in the long-term loss from punishment, rendering price randomization
irrelevant in the incentive constraints to deter undercutting of the target price. This irrele-
vance breaks down once continuation payoffs reward on-path losing. Price randomization by
the rival, which makes losing more likely, now disproportionately reduces short-term deviation
gains relative to future on-path profits, thereby weakening the temptation to undercut the target
price.

Building on these insights, we show that the critical discount factor for collusion between
two firms is v/2 — 1 ~ 0.414 (Theorem 1). Necessity is shown by establishing a set of condi-
tions that must be satisfied in any collusive equilibrium in the considered class, without prior
assumptions about the nature of the on-path price distributions, and showing that these condi-
tions cannot jointly hold for discount factors below the critical threshold. Sufficiency is shown
by constructing equilibrium strategies that yield supra-competitive profits for any discount
factor above the threshold. The constructed on-path strategies involve interval-plus-point ran-
domization, whereby each firm randomizes over the monopoly price and a common interval
of prices strictly below the monopoly price (with probability distributions that depend on the

identity of last period’s winner).

! An alternative interpretation of the model is that firms engage in repeated price competition i la Bertrand,
with state transitions governed by market shares in the previous period rather than last period’s auction winner
identity. The two models are isomorphic, as will be discussed in more detail in Section 3, and all of our results
hold in both model interpretations.

2See Bernheim and Madsen (2017, p. 405) for a discussion of various factors other than market interest rates
that influence how firms effectively discount future profits, and that may lead to discount factors lying below the
threshold for perfect collusion in practical applications.



For discount factors above the critical threshold level, we fully characterize cartel-optimal
equilibrium payoffs and find supporting equilibrium strategies (Theorem 2). Optimal collusive
payoffs can be supported by on-path strategies in one of three classes: interval-plus-point ran-
domization for low discount factors; two-point randomization, in which each seller randomizes
over the monopoly price and a common lower price, for intermediate discount factors; and one-
sided randomization, in which only last period’s loser randomizes over the monopoly price and
a lower price, for discount factors close enough to the threshold for perfect collusion. As the
firms become more patient, the expected winning price and the probability of a price tie at the
monopoly price strictly rise, and the firms randomize over “fewer prices.”

The optimal cartel profit strictly rises with the discount factor. In the limits, it converges to
zero as the discount factor falls to the threshold for imperfect collusion, and to the monopoly
level as the discount factor approaches the threshold for perfect collusion. Hence, unlike in the
standard analysis of the model we consider, the optimal cartel profit does not exhibit a bang-
bang structure. As the discount factor falls, the expected winning price falls and eventually
approaches zero, but buyers still pay the monopoly price with positive probability and firms
earn supra-competitive profits. Our theory thus captures “struggling cartels” in which price
discipline is imperfect and impatience results in periodic price cutting relative to the target
price, but some collusion persists nonetheless.

Specifically, our results can explain observed cartel behavior in which seemingly deliberate
deviations from collusive pricing occur, and such cheating leads to internal reallocations of
future business rather than cartel breakdown. In the German power cable cartel, for instance,
where firms bid for orders in public tendering procedures, the cartel responded to incidents of
cheating (winning a contract allocated to another cartel member) by reducing the deviator’s
allocation in the following year (Normann and Tan, 2014). Similar patterns were recently un-
covered in the Hume pipes cartel in South Korea, which involved a bidding ring of twelve firms
participating in public procurement auctions between 2012 and 2016. Episodes of cheating did
not trigger cartel breakdown, but instead resulted in temporary restrictions on the cheater’s par-
ticipation in future auctions.*

Existing theories of collusion cannot adequately account for these empirical patterns. The
theories proposed by Bernheim and Madsen (2017) and Do (2022) can explain deliberate on-
path price cutting and business stealing, but not history-dependent allocations of future busi-
ness. Theories of collusion that involve bid rotation schemes or market-share favors designed
to elicit truth-telling (Aoyagi, 2002, 2007; Athey and Bagwell, 2001; Rachmilevitch, 2013)

can explain dynamic variation in allocations, but not deliberate cheating.’ In our theory, on the

3Formally, the cardinality of the supports of the on-path price distributions and the Lebesgue measure of the
supports weakly decrease as the discount factor rises.

4 Appendix C provides a more detailed account of this cartel and other anecdotal evidence.

SNote that theories with imperfect monitoring, such as Green and Porter (1984), cannot explain deliberate
cheating either. These theories explain price wars triggered by events beyond the control of the cartel members,



other hand, the combination of on-path price randomization, which implies that cartel mem-
bers sometimes choose prices below the target level without this leading to cartel breakdown,
and continuation payoff rewards for losers, which imply variations in allocations over time, is
crucial for the successful functioning of the cartel.

Our theory also offers a new explanation for observed imperfect bid rotation patterns in
bidding rings.® The winning firm varies over time in a history-dependent fashion on any im-
perfectly collusive path, but—in contrast to perfect bid rotation schemes in which firms take
turns winning (Kawai et al., 2025)—the rotation is not deterministic and a firm never places a
bid it is certain will lose. Examples of cartels that employed imperfect bid rotation schemes
include the aforementioned Korean Hume pipes cartel, in which the members used lotteries
that explicitly disadvantaged recent winners of large contracts to select a designated winner
for each auction, or the Japanese public procurement auction cartels analyzed by Ishii (2008,
2009).

The empirical prediction that bid rotation is imperfect has implications for behavioral screens
for collusion. Competition authorities often consider “strict” bid rotation as an indicator of col-
lusion because it “defies the law of chance” (DOJ, 2021).” When imperfect bid rotation—with
noisier and less predictable patterns—is observed, it is therefore sometimes interpreted as an
attempt to disguise bid rigging.® In contrast to this interpretation, our equilibrium analysis
shows that the partially random nature of bid rotation can be essential to sustain collusion.
This suggests that collusive screens focused on strict bid rotation patterns may fail to detect
imperfect cartels not because of firms’ attempts to disguise a collusive scheme, but because
their successful functioning requires some randomness in the winner’s identity in each auc-
tion.

The remainder of this article is organized as follows. Section 2 discusses connections to
existing literature. Section 3 presents the model. Section 4 contains the main analysis and re-
sults. We first derive a series of properties that any collusive equilibrium must satisfy (Section
4.1), and then prove our main results on the critical discount factor for collusion (Theorem 1
in Section 4.2) and cartel-optimal collusive equilibria (Theorem 2 in Section 4.3), followed by

a discussion of the empirical implications of our analysis in Section 4.4. Section 5 shows that

but not deliberate price cutting during the collusive phase.

Previous work has explained imperfect bid rotation as a way to improve upon perfect bid rotation in repeated
auctions with privately observed costs or valuations (Aoyagi, 2003, 2007; Rachmilevitch, 2013). Imperfections in
bid rotation are driven by efficiency considerations in these models, whereas in our complete-information setting,
the imperfect nature of bid rotation serves to weaken deviation incentives.

7See also the list of red flags in procurement on the website of the Antitrust Division of the US Department
of Justice at https://www.justice.gov/atr/red-flags-collusion.

8See, for instance, the following quote from a law review article by Leslie (2021) on how to hide a price-
fixing conspiracy: “To ensure that their bids seem random, bid riggers may toss coins to decide who would win a
particular auction or, in the case of electrical equipment cartels, assign the various cartel members ‘phases of the
moon’ beforehand, which would be used to determine whether a company would be a low, medium, or high bid
for a particular contract.”



our main insight extends to settings with more than two firms or fluctuating costs. Section 6

concludes. Unreported proofs can be found in the Appendix.

2 Related literature

This paper contributes to two main strands of the theoretical literature on collusion. First,
the literature on the value of on-path price randomization in cartels. Second, the literature on
history-dependent favor exchanges and asymmetric play in collusive equilibria.

In the first strand of literature, two other papers study models of imperfect collusion in
which on-path randomization captures deliberate price cutting. In the pioneering paper in this
line of research, Bernheim and Madsen (2017) propose a theory of equilibrium price cutting in
a model where firms have natural advantages in serving particular market segments and incur
recurring segment-specific sunk costs in order to compete. Focusing on stationary equilibria,
they find that imperfect collusion can be sustained for a range of discount factors below the
threshold for perfect collusion, and that optimal collusion involves on-path price-cutting and
periodic business-stealing raids.” In contrast, in the canonical symmetric price competition
model that we analyze, stationary collusive equilibria do not exist for discount factors below
the threshold for perfect collusion. Collusion instead requires a combination of on-path price
randomization and history-dependent favor exchange between firms.!°

In a setting closer to the current paper, Do (2022) analyzes optimal imperfect collusion
when firms can use side payments to reallocate payoffs. Focusing on strongly-symmetric
equilibria, in which the on-path price distributions are symmetric across firms at every his-
tory, he shows that imperfect collusion requires on-path price randomization and monetary
transfers from winners to losers and can be sustained for a range of discount factors below
the threshold for perfect collusion. From a theoretical perspective, the collusive mechanism in
Do (2022) is not available in the current setup because we do not allow side payments. As a
result, it is necessary to consider history-dependent non-stationary and asymmetric strategies,
which makes the analysis substantially more involved. From a practical perspective, it is im-
portant to understand the scope of collusion without side payments, because cartels trying to
avoid detection have incentives to shy away from direct transfers as they “are suspicious and
constitute evidence of collusion” (Leslie, 2021). Overall, our analysis suggests that history-
dependent pricing and business reallocations are crucial parts of successful collusion without
side payments, whereas a cartel that uses side payments can sustain collusion with more stable

allocations and pricing strategies.

9Stationary equilibria are shown to be optimal within a broader class of “balanced equilibria” (see Section V
of Bernheim and Madsen (2017)).

10 Another distinguishing feature is that in Bernheim and Madsen (2017), the Nash equilibrium of the state
game already involves mixed strategies. In contrast, in our model, the stage-game equilibrium is in pure strategies.



On-path price randomization also plays an important role in recent models of mediated
collusion, in which an intermediary sends private bid recommendations to cartel members.
Kawai et al. (2025) show that the incentive constraints for collusion that involves bid rotation
can be relaxed if the designated winner randomizes over prices. Bid rotation is perfect in Kawai
et al. (2025) in that the designated winner wins with probability one, and a designated loser
never wins. Ortner et al. (2024)’s analysis of mediated collusion shows that collusive schemes
with on-path randomization such that no firm ever places a bid that it is certain will lose
outperform bid rotation equilibria. However, their analysis focuses on symmetric, stationary
equilibria, thus forfeiting the advantage of bid rotation schemes that firms supposed to lose in
the current period can be promised higher future profits. Our analysis shows that combining
on-path price randomization and dynamic reallocations, which results in imperfect bid rotation,
facilitates collusion in a canonical model.!!

The second strand of literature this paper contributes to is the one on history-dependent
favor exchanges and asymmetric play in cartels. In a repeated Bertrand duopoly with privately
observed cost realizations, Athey and Bagwell (2001) show that optimal collusion involves ex-
tensive use of dynamic market-share reallocations, whereby a high-cost firm today is rewarded
with higher expected market shares in future periods. Future market share favors create in-
centives for truthtelling and can be designed to achieve allocative efficiency when firms are
sufficiently patient. A similar idea appears in other forms of collusive equilibria in repeated
auctions, such as dynamic or endogenous bid rotation (Aoyagi, 2003, 2007; Rachmilevitch,
2013) or exclusion schemes (Skrzypacz and Hopenhayn, 2004), among others. These papers
show that, in repeated-game settings with sufficiently patient bidders, collusive payoffs can be
improved through history-dependent play. Similarly to Athey and Bagwell (2001), this is be-
cause history-dependent asymmetric continuation payoffs can provide truth-telling incentives,
thereby improving allocative efficiency.

The collusive mechanism in the current paper also relies on history-dependent favors and
asymmetric continuation payoffs. However, there are two crucial differences between our work
and the literature summarized above. First, we consider a complete-information setting with
symmetric bidders, so inducing truth-telling or allocating markets efficiently are irrelevant is-
sues. Instead, the key mechanism relies on the combination of dynamic favors and on-path
price randomization. The implicit transfers through asymmetric continuation payoffs together
with price randomization relax incentive constraints to prevent price undercutting, while si-
multaneously ensuring that each firm is indifferent between all prices it randomizes over in
equilibrium. The second crucial difference is that, while the above papers focus on high dis-

count factors, our analysis concerns imperfect cartels when the discount factor is below the

Tn repeated games with imperfect monitoring, randomization can improve monitoring efficiency, allowing
for a larger set of equilibrium payoffs for sufficiently patient players (Kandori, 2003; Kandori and Obara, 2006;
Rahman, 2014). A similar idea also appears in the static incentive provision problems for a principal facing a
monitor and agents (Ortner and Chassang, 2018; Rahman, 2012).



threshold for perfect collusion. As a result, a folk-theorem type argument is not applicable in

the current model, even though monitoring is perfect and information is complete.'?

3 Model

Consider an infinitely-repeated game in which, in each period ¢ € Ny, two symmetric firms
compete in a first-price procurement auction with a reserve price normalized to 1.!* The firms
have the same commonly known production cost normalized to zero.

In each period ¢, the firms simultaneously set prices (p}, pl), where without loss p! € [0, 1]
for each firm ¢ € {1,2}. If p! < p',, then firm ¢ wins the auction and earns p!, while the
other firm loses and earns 0. In case of a price tie, we follow Athey and Bagwell (2001) and
Chassang and Ortner (2019) and allow firms to jointly determine the allocation. Formally,
firms simultaneously submit numbers (which we refer to as tie-breaking allocation bids) g} €
0, 1]. In case of a price tie, firm ¢ then wins the auction with probability ﬁ if gt + g% > 0,
and 1 if g} + g4 = 0.1

Allowing for price randomization, a strategy for firm ¢ in the stage game is given by 6; =
<Fi, %()) , where F; € A([0, 1]) is a mixture over prices in [0, 1], and 4; : supp E; — [0, 1] is
a function that determines ¢’s tie-breaking allocation bid for each price in the support of E,15
In any Nash equilibrium of the stage game, the price distributions F and F} are degenerate at
0 and each firm earns zero.'°

In the infinitely-repeated game, all firms value future profits using a common discount factor
d € (0,1). The identity of the winner in period ¢ is denoted by x* € {1,2}. A public history
among cartel members at time ¢ > 1 consists of a sequence of past realized prices, tie-breaking
allocation bids, and winner identities, up to period ¢:

t—1

ht = (piap;a gf? ggv ZBS)SZO'

"Harrington and Skrzypacz (2007, 2011) show that price cartels can strictly benefit from employing history-
dependent transfers, yielding asymmetric continuation payoffs, when monitoring is imperfect and the discount
factor approaches one.

13The game of infinitely repeated first-price auctions that we analyze is isomorphic to a game of infinitely
repeated Bertrand competition—see the discussion at the end of this section.

4This can be implemented by delegation to a cartel mechanism, whereby the firms submit prices and tie-
breaking allocation bids to a thirctl—party mediator without incentives. In case of a price tie, the mediator then
gif]ﬁgé
selected firm’s price to the buyer (or submits a marginally higher “phoney” bid for the other firm); otherwise, the
mediator submits both prices to the buyer. More generally, the endogenous tie-breaking rule can be interpreted as
arising from “actions taken by unseen agents whose behavior is not modeled explicitly”—Jackson et al. (2002)
and Simon and Zame (1990).

"Equivalently, each firm’s strategy is a joint distribution over (p;, g;), where Pr (g; = 4i(p) | p) = 1 for all
p € supp F;.

16There is a continuum of stage-game Nash equilbria with different tie-breaking allocation bids, but payoffs
and prices are the same in all equilibria.

selects firm ¢ with probability

(and the other firm with complementary probability) and submits only the



The set of all public period ¢ histories is H'. Note that the mixtures of prices and the tie-
breaking allocation bid functions themselves are not publicly observable, although their real-
ized values are observable.

A strategy for firm ¢ in period ¢ is denoted by of = (F},~%(-)), where F! : H' — A([0,1])
and 7/(-) : H' x supp F} — [0,1]. Let o' be a strategy profile in period ¢, and let o =
(0°)5-, represent a sequence of strategy profiles. The equilbrium concept is subgame perfect
equilibrium (SPE).

Let II; denote firm 7’s (normalized) expected discounted equilibrium payoff in a subgame-
perfect equilibrium of the game. A SPE of our game is strongly-symmetric, as in Abreu (1986),
Abreu et al. (1990), or Athey et al. (2004), if the equilibrium strategies satisfy o (h') = of(h?)
for all ¢t and h' € H'. A SPE of our game is stationary if there exists a fixed stage-game
strategy profile (61, 5) such that for each firm ¢ and every ¢, of(h') = &; after any on-path
history.!” Given these definitions, the following results about our model are known from (or
straightforwardly implied by) the existing literature: '8

Observation 1. In the game we consider,

1) If6 > %, then any payoff vector (II;, I5) such that IT; = I, € |0, %] can be sustained in

a subgame-perfect equilibrium.
(i) If 6 < %, then IT; = I, = 0 in any pure subgame-perfect equilibrium.
(i) If o < % then II; = II; = 0 in any strongly-symmetric subgame-perfect equilibrium.
(iv) If o < %, then II; = I, = 0 in any stationary subgame-perfect equilibrium.

Our analysis explores how the scope for collusion at low discount factors (those below
%) can be expanded by moving beyond the classes of pure, stationary, or strongly-symmetric
equilibria. Specifically, we analyze subgame-perfect equilibria with a two-state structure, in
which on-path strategies can depend on the identity of last period’s winner:'

Definition 1 (Two-state equilibria). In a two-state SPE, after any on-path history i! in which
il =ie{1,2},

In a stationary equilibrium with a fixed stage-game strategy profile (61,62), a history h! =
(pi,pi,g{,gg,xs)g;é is on-path if p{ € supp F; and g7 =4i(p) foralls <t—1landi=1,2.

18See Tirole (1988, p. 247) and Obara and Zincenko (2017, Thm. 1) for (ii), and Do (2022, Prop. 1) for
(iii). The proof of (iv) is also straightforward: in any equilibrium with II; > 0 for some ¢ = 1, 2, it must be
that II;,IT, > 0. This implies that both firms’ price distributions have the common maximum price p in the
support and assign positive atoms on it. By stationarity, we have II; = Pr (i wins | p; =) p fori = 1,2, but
this contradicts with the incentive conditions IT; > (1 — 0) Pr (p_;, = p)p for i = 1,2. See also Bernheim and
Madsen (2017, fn. 25 and Prop. 9).

The focus on two-state equilibria allows us to retain tractability and provide sharp characterizations of
optimal collusive equilibria. Characterizing the full set of SPE payoffs in a repeated game, as in Abreu et al.
(1990), is difficult, and we are not aware of any paper that has attempted this task for mixed-strategy equilibria in
games with continuous action spaces.



1 wins

Y

1 plays Fyy 1 plays I},

2 plays F. 2 plays Fy,

In case of a tie, / wins
with probability vy (p)

In case of a tie, 2 wins
with probability yw (p)

A

2 wins

Figure 1: Automaton representation of on-path strategies in a two-state equilibrium

(i) F! = Fy, and F*, = Fyy for some Fy, Fyy € A([0,1]),

(i) v (p) = vr(p) and 7' ,(p) = yw(p), where 7, : supp F, — [0,1] for all k € {L, W}
and

v2(p) =1 = w(p)

for any p € supp Fy Nsupp Fr.
foreacht > 1and i # —i.%°

On the equilibrium path of a two-state equilibrium, last period’s loser (winner) plays Fyy
(F) in the current period and wins (loses) with probability vy (p) in case of a price tie at p

(see Figure 1). An on-path history up to period ¢ > 1 is then any history h' such that for

S s—1

each i, (pf,p°,) € supp I, x supp Fw and (¢f,9°;) = (7o (p5),yw(p®;)) if x
s € {l,...,t — 1} orif s = 0 and the state in the initial period requires —i to play Fy and yy .

= 4 and

Denote the set of all on-path histories up to period ¢ by H;.

We focus, without loss, on collusion sustained by grim-trigger strategies. For any off-path
history h' ¢ H; and any period ¢ > 1, the firms play a Nash equilibrium of the stage game,
which implies that both firms earn zero profits in period ¢, which is the minmax payoff of the
stage game.

Note that the set of two-state SPE is non-empty for all § because infinite repetition of a
stage-game Nash equilibrium, in which F7, and Fyy are both degenerate at p = 0, is a subgame-
game perfect equilibrium for any ¢.

In what follows, we will also refer to the firm that plays £} and v (p) in the current state
as firm W, and to the firm that plays F7, and v, (p) in the current state as firm L. For every
j € {L,W}, we denote by G;(p) firm j’s on-path winning probability when it sets the price

20Tn the initial period t = 0, the state (i.e., which firm should play which stage-game strategy) can either be
chosen by nature and publicly observed by all firms, or fixed exogenously.



p, hence for any p € supp Fj:

Gw(p) =1— Fr(p) + Ar(p)yw(p),
Gr(p) =1 - Fw(p) + Aw(p)(1 —yw(p)),

where A;(p) € [0, 1] denotes the probability mass that the distribution F; puts on price p. If
F; has an atom at price p, then A;(p) > 0; otherwise, A;(p) = 0.2' The firms’ (normalized)
expected equilibrium payoffs are denoted by Ily, and I1;, respectively. For any j € {L, W}
and p € supp F},

II; =(1-0)G;(p)p+ 0 (G;(p)IIL + (1 — G5(p))IIw) .

For the remainder of the paper, we will refer to a two-state SPE in which Iy, + 11, > 0
as a collusive equilibrium. Moreover, we will focus on § < %, the case in which the existing

literature suggests that collusive equilibria fail to exist in our game, without further reference:
Assumption. § < 1.

The class of two-state equilibria includes perfect bid rotation schemes in which the firms

take turns winning. For each j € {W, L}, we will denote

p; =supi{p: Fj(p) <1} and p. = inf{p : Fj(p) > 0}.

Perfect bid rotation then occurs in our setting if either py, < p, orif py, = p, and yw (Pw) =

1, so that the period ¢ loser wins with a probability of one in period ¢ + 1.

Alternative model interpretation: Repeated Bertrand competition An alternative interpreta-
tion of our model is that firms engage in repeated price competition a la Bertrand. Consider the
following setting. The firms sell to final consumers with a downward-sloping differentiable de-
mand function ¢(p). In every period, all consumers buy from the lowest-priced firm(s); in case
of a price tie at the lowest price, market shares are determined endogenously, as in the baseline
model. The industry revenue function 7(p) = pg(p) is assumed to be strictly quasi-concave,
with unique maximizer p™. The action space for prices is restricted to p! € [0, p™]. For any
p € [0, p™], industry revenue can then be normalized to r(p) = —£- € [0,1]. Strict quasi-

F(p™)
concavity of the industry revenue functions implies that 7'(p) > 0 for p € (0, p™), hence every

price p € [0, p™] corresponds to a distinct normalized industry revenue level r(p) € [0, 1], and

firms choosing prices (pt, ph) € [0,p™]? is equivalent to firms choosing normalized revenue

2Note that Aj;(p) > 0 implies that p € supp F}, hence for any p € supp Fy (resp. p € supp F), the
last term in Gy (p) (resp. Gr(p)) can be strictly positive only if p € supp Fy N supp Fp, in which case the
allocation is (yw (p), 1 — yw (p)) by Definition 1.

10



levels (rt,rt) € [0,1]2. For every r € [0,1], let p(r) = r~'(r) denote the unique price in
[0, p™] that generates normalized revenue level 7.

Denoting Fj(r) = F;(p(r)) and Ay (1) = ~yw (p(r)) for each j € {L,W} and r € [0, 1],
the definition of a two-state equilibrium can then be adapted as follows. There are two states,
w' € {1,2}. In state w' = 4, firm 4 plays Fy and 4y and firm —i plays £}, and 1 — Ay . In
case of a price tie at some price p’ with corresponding revenue level ' = r(p), firm i has
market share 7y (') and earns Fyy (1')r’, while firm —i has market share (1 — 3 (1)) and
earns (1 — 4w (r'))r’. For any on-path history, state transitions are governed by past-period
market shares: If rf‘l < 7":1, so that 7 serves the entire demand in period ¢ — 1, then w! = —i;
if 71 = 77! and w!™!

7

w! = —i with probability Fy (i) and w! = i with complementary probability.??

= 1, so that firm 7 has market share y, (r!™") in period ¢ — 1, then

The firms’ (normalized) expected equilibrium payoffs for any j € {L, W} and r € supp F]

become

II; =(1 — §)E (j’s market share | r; =) r
+ 5 (E (j’S market Share | Tj = ’I”) HL + (1 _ E (j’S market share | rj _ T))HW) ,

where

E (W’s market share | ryy =7) =1 — FL(T) + AL(TWW(T%
E (L’s market share | r, = 7) = 1 — Fiy(r) + A (r) (1 — 3w (r)).

Thus, using the normalized industry revenue r in place of prices as the firms’ actions and
letting market shares determine state transition probabilities, the model of repeated Bertrand

competition is isomorphic to that of repeated first-price auctions.

4 Analysis of collusive equilibria

The analysis will proceed in three steps. First, we derive a series of properties of collusive
equilibria and incentive compatibility conditions that must be satisfied in any collusive equi-
librium. Second, we build on these insights to derive the critical discount factor threshold for
collusion. Third, we characterize optimal collusive equilibria for discount factors above this

critical threshold.

2In the latter case, firms use a public randomization device to coordinate on the state in period .
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4.1 Properties of collusive equilibria

Our first result shows that in a collusive equilibrium, no firm ever chooses a price that it is
certain will lose.

Proposition 1. In a collusive equilibrium, p = py,, = p, > 0, AL(p) > 0, Aw(p) > 0, and
w(P) € (0,1).

The proof of Proposition 1 proceeds by showing that if on the collusive path, last period’s
winner (the current period firm L) were to lose with probability one when bidding its max-
imum price p;, then it could profitably deviate by undercutting Py And similarly, if last
period’s loser (the current period firm 1) were to lose with probability one when bidding its
maximum price Py, then it could profitably deviate by undercutting p, . It follows that both
price distributions must place atoms at a common maximum price and that each firm must have
a positive winning chance in case of a tie at this common maximum price. In what follows, we
will also refer to the common maximum price p as the target price.

A direct implication of Proposition 1 is that perfect bid rotation schemes, in which the firms
take turns winning, cannot be sustained in a collusive equilibrium at the low discount factors

we consider.
Corollary 1. There is no collusive equilibrium with perfect bid rotation.

Our next preliminary result shows that if both firms place an atom at some price p/, then
prices just below and just above p’ cannot be included in the supports of the on-path price
distributions. The proof proceeds by showing that if a price just below or just above p’ were part
of the support of a firm’s on-path price distribution, then that firm’s mixed-strategy equilibrium
indifference condition across the different prices in the support of its price distribution would
be violated.

Lemma 1. Suppose Ay (p’) > 0 and A (p’) > 0 for some p’ € [0, 1] in a collusive equilib-
rium. Then, there exists ¢ > 0 such that F} and F}, are constant on [p/,p’ + €) and (p' — €, p').

Recall that, by Proposition 1, both firms place atoms at the common target price p. An
immediate corollary of Proposition 1 and Lemma 1 is therefore that the support of each distri-
bution must have a “hole” just below the target price. To be more precise, for each j € {L, W},
let

pj =sup{p: Fj(p) <1-A4;()},

which is bounded below by p. if A;(p) < 1 and equal to —oo otherwise. Then,

Corollary 2. In a collusive equilibrium, max{pw,pr} < P.
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Intuitively, the holes in the price distributions below the target price are needed so that
marginally undercutting this price is an off-path deviation that triggers a minmax punishment.
Given that each firm’s rival places an atom at p and yy (p) € (0, 1), marginally undercutting
p leads to a discrete upward jump in a firm’s current-period profit and is therefore profitable
unless it triggers a sufficiently large drop in continuation payoffs. Our analysis shows that
on-path “punishments” in the form of imperfect bid rotation are insufficient to deter such
deviations. In a collusive equilibrium, marginally undercutting  must be an off-path deviation
that triggers cartel breakdown.

We can use these findings to express the firms’ expected payoffs in a collusive equilibrium
as functions of the target price p and the firms’ winning probabilities at that price and to
derive the incentive compatibility conditions that make deviations in which a firm marginally
undercuts the target price unprofitable. Proposition 1 implies that the expected payoffs in a

collusive equilibrium must satisfy

[y = (1 -6)Gw(P)p + d(Gw (@)L + (1 — Gw (p))1Tw ),
I, = (1 =0)Gr(p)p + (G + (1 — Gr(p)lw),

where Gy (p) = AL (p)yw (p) € (0,1) and G1(p) = Aw (p)(1 — yw (P)) € (0,1). Solving for
the expected equilibrium payoffs yields

_ ((1 — 8)GL(P) + mw@) .
T\ 1+ 0Gw®) - Gi(p) )

_ Gw (p) _
thy = (1 TG (p) - GL@))) P @

Note that the ranking of the firms’ winning probabilities at the target price determines the

ey

ranking of the equilibrium payoff: Ty, > II; if and only if Gy (p) > GL(P).

Using these profit expressions, off-path deviations in which a firm marginally undercuts the
target price are unprofitable if and only if the following two incentive compatibility conditions
are satisfied:

Iy > (1 -6)AL(p)p
= yw(p) = (1-0)(1+(Gw(p) — GL(p))), (ICW1)

and

I, > (1 -9)Aw(p)p
=
(1= (p) (1 =0)GL(p) +0Gw(p)) = (1 = 6)(1 + 0(Gw () — GL(p)))Gr(p). (CLI)

13



The proof of the next proposition uses these necessary equilibrium conditions to show that a
collusive equilibrium must involve both on-path price randomization and continuation payoff
rewards for losers. In each period, at least one firm—the current firm I/ —must randomize, and,
although today’s loser cannot be guaranteed a win in the next period as it would in a perfect bid

rotation scheme, it must receive a reward in the form of higher expected continuation profits.
Proposition 2. In a collusive equilibrium, Ay (p) < 1 and IIy > 11, > 0.

To understand the intuition behind the complementary roles played by on-path price ran-
domization and the future continuation payoff reward for today’s loser, it is instructive to
rewrite (ICW1) and (ICL1) in terms of the short-term profit gain from undercutting p versus
the loss in future profits from being punished. Denoting A, = Ax(p) and v = Y (D) to save

on notation, (ICW1) can be rewritten as

)
T3 (Apywlly + (1 = Apyw)Iw) > AL(1 — yw)p, 3)

where the right-hand side represents 1/’s short-term gain from deviating and the left-hand side
represents I1’s loss in future profits from being punished. Similarly, (ICL1) can be rewritten

as

1;:5 (Aw (1 =)L + (1 = Aw (1 = yw)lw) > Awywp. 4)

For each firm j, the short-term deviation gain from undercutting the target price is smaller
when the rival randomizes over several prices (so that A_; < 1) rather than playing the target
price with probability one, because undercutting no longer guarantees winning the market. If
continuation profits are symmetric, however, then Ty, = I, = A vywDd = Aw (1 —yw)p, and
(ICW1) and (ICL1) become

)
EAL’YW]_? >AL(l—wp<=0>1—w,
)

mﬁw(l — )P > AwywD <= 6 > Y.

Hence, the value of A_; is irrelevant for j’s incentive to undercut the target price when con-
tinuation payoffs are symmetric, because its effect on the long-term loss from punishment is
proportional to its effect on the short-term deviation gain. On-path price randomization does
not help to deter undercutting of the target price, because although it reduces the short-term
deviation gain, this reduction is exactly offset by a proportional reduction in the loss of future
payoffs from being punished. If IIy; = II;, then (ICW1) and (ICL1) imply § > % for any
Ap, Ay > 0.

This irrelevance result no longer holds if Il > II;. Losing on-path now carries a future
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payoff reward, and a lower A_; raises firm j’s chance of obtaining this reward when it sets
the target price. This effect can also be seen by rewriting 1/’s loss in future profits from being
punished (the left-hand side of (3)) as

)
1T-5 ywlly + (1= yw)w + w1 = Ay )y —11,) |,

TV
>0ifAp < land Iy > I,

and, similarly, L’s loss in future profits from being punished as

J

T | &= )+ w4+ (1 —yw) (1 — Aw)(Tw —1L;)

~
> 0if Ay < 1land Iy > IIp

The last term in each expression captures the positive interaction between the continuation
payoff reward for the losing firm and price randomization by the rival. A lower A_; still
reduces the long-term loss from being punished overall (by lowering the on-path payoffs I1y,
and II;), but this reduction is now less than proportional to the reduction in the short-term
deviation gain. Intuitively, price randomization by the rival firm raises a firm’s chance of
losing at the target price or slightly below, and losing carries a continuation payoff reward
on-path but not off-path. Therefore, the combination of price randomization by the rival and
on-path rewards for losing weakens a firm’s incentive to deviate by undercutting the target
price.

Proposition 2 implies that if there exists a collusive equilibrium such that on path only
one firm randomizes over prices in each period, then the randomizing firm must be firm W
(last period’s loser). Intuitively, because of the continuation payoff penalty for last period’s
winner, the current firm L has a stronger temptation to deviate by undercutting the target
price than firm W. Therefore, W must play the target price with a probability strictly below
one, which, combined with the continuation payoff reward for on-path losing, weakens L’s
deviation incentive as discussed above.

Next, we show the following results on the existence of atoms at the lowest prices in the

on-path price distributions:

Lemma 2. In a collusive equilibrium,
i) Aw(p,,) >0,
(i) if p, # p,,,» then AL(g_)L) > 0.

Finally, we use the result that firm /" randomizes over at least two prices to derive another
incentive compatibility condition that must be satisfied in any collusive equilibrium. First, note
that if there is a price p < p such that p € supp F}, then firm j must earn the same expected
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on-path payoff when choosing p and when choosing p, that is,

(1=0)G;(P)p+ 6 (G + (1 — G;(p)1w)
= (1=0)G;(p)p+ 6 (G;(p)l + (1 = G;(p)Ilw) ,
and G,(p) > G,(p). Solving this indifference condition for p, using the expressions for the

equilibrium payoffs in (1) and (2) derived earlier, yields the following relation between a price
p € supp F; and the target price:

G (p) "’ 5(GW( ) GL(Z_Q))
1+ 0(Gw(p) — GL(D))

D. (IND)

By Proposition 2, Py, <D Therefore, using (IND), we obtain that in any collusive equilibrium,

ol 4 5(Gw(B) - Go()
Dy = D 5)
- 1+ 6(Gw(p) — GL(P))

and Gw (p,;,) > Gw (D).

Next, in a collusive equilibrium, L must not be able to profitably deviate by undercutting p
to guarantee a win in the current period. Using (5) and the expression for II;, in (1), marginally
undercutting p , is unprofitable for L if and only if*’

HL (1 — 5)]_?W

— GL(p)(1 -0 > GCGw(p) <Glﬁpé> - 52> . (ICL2)
W

Since GW(]_?W> < 1, (ICL2) implies the following necessary equilibrium condition, which we

will use in some of the subsequent analyses:
Gr()(1—6%) > Gw(®) (1 -6 6. (ICL2")

If W’s winning probability when it sets its minimum on-path price is one, which is the case if
and only if either p, < p, orp  =p, andyw (QW) = 1, then (ICL2) and (ICL2’) coincide.
If not, (ICL2’) is a weaker condition than (ICL2). (ICL2’) is necessary to rule out deviations
in which L undercuts Py while (ICL2) is both necessary and sufficient to rule out deviations

of this nature.

Z3Marginally undercutting Py, is an off-path deviation for L by arguments similar to those in the proof of
Lemma 1. If P, <Py then F;, must have an atom at p P by Lemma 2 and put zero probability mass on prices in
(p P pW) Ifp Py = Py then no price strictly below Py lies in the support of F7.
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4.2 Critical discount factor for collusion

We now use the results from the previous subsection to derive the critical discount factor for
collusion and to construct strategies that can sustain collusion for discount factors above the

critical level.

Theorem 1. A collusive equilibrium exists if and only if § > /2 — 1 ~ 0.414.

Proof of Theorem 1

(Necessity) From Section 4.1, we know that py;; = p; = p in a collusive equilibrium, and that
(GL(p), Gw (D), yw (P)) must satisfy ICW1), (ICL1), (ICL2’), 1 > Gw(p) > G(p) > 0, and
w(p) € (0,1).
The proof proceeds by showing that this set of conditions cannot be satisfied if 6 < /2 — 1.
To save on notation, let v = yw (D), A; = A;(p), and G; = G;(p). Conditions (ICW1) and
(ICL1) then both hold if and only if

min {’y, (1—7) (1 — 5+ 5%—W>} > (1=0)(1+6(Gw — GL)).

L

This condition, in turn, implies that

G
1—0+0Gw

2— 6+ 0

vic(Gw,GpL)

where v;¢(Gw, Gr) € (0,1) is the unique solution to v = (1 — ) (1 — 0+ 5%—2’) . One can

easily check that this condition is equivalent to
6((2=0)GL+0Gw) — G — (1 =0)6(Gw — G1) ((2—6)Gr +0Gw) = 0. (6)

For given Gy, the left-hand side of (6) takes a value of (26 — 1)Gy < 0 at G, = Gy and a
value of *Gy (1 — (1 — 0)Gw) > 0 at G;, = 0. Further, the left-hand side is strictly convex
in G, as its second derivative with respect to G, is 20(1 — §)(2 — §) > 0. We thus conclude
that (6) reduces to G;, < G7(Gy ) for some cutoff G5 (Gw) € (0, Gw ), implying that in a

collusive equilibrium, the following must hold:

1—6—6°
(W) Gw <G < GL(Gw),

where the first inequality is (ICL2’).
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Letting h(y) = G5 (y) — (ﬁfgf) y, routine algebra shows that for all § < %,

1-6-06" 1-382+20°—614+45°-602+1 1-0—0°
1—62 283 — 602 + 46 1— 62

h(1) = G7(1) — < 0.
Since it must be that 2(Gy/) > 0 in a collusive equilibrium, the intermediate value theorem
then implies that if there is a collusive equilibrium, there exists a G9, € [Gw, 1) such that
h(GY,) = 0, that is,

ST
GL(GY) = (1_—52> Gy

Setting G = G%(GY,) and v° = v7¢(G%y, G9), this shows that if there is a collusive
equilibrium, one can find (G¢,, G5.,7°) € {(Gw,GL,7) : 1 > Gw > G > 0,1 > v > 0}
such that all three IC conditions are binding. By direct calculation, we obtain

(1—06%)(0%+25—1) 36 —35% -6t —1 1—0

YO B S ) B Sl Y0 S vy ) S Ml Y Sy o

and
GoY >G0 < 2+20—1>0 < §>v2-1.

We conclude that if § < /2 — 1, there is no such (G¢,, G9,~°), implying that there is no
collusive equilibrium. This completes the proof of necessity.
First, suppose (ICL1) and (ICW1) are binding. Solving the system of binding conditions

then yields
(=7 +y-1)
S o
G @2y =1+6(1 =)0 +v—1)
W=

51 —0)(2y —1)

Thus, G, > 0 if and only if
v>1-4,

and (ICL2’) becomes

(Y +0—1)(1—6—(2—68(2+06))) 1-6
S(1—0)(2y —1) =

If6<+v2—1,thenl—¢ > ﬁ, hence these two conditions on 7y are contradictory.
Second, suppose that (ICL1) and (ICL2’) are binding. Solving the system of binding con-
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ditions then yields

I(1+6)—~
62 ’

(1 —-6*)(0(1+06) =)
2(1—-6-0%2)

G =

Gw =

Thus, G, > 0 if and only if
d(1+6) >,

and (ICW1) becomes

(2—6(2+6))y — (1—4) 1-4
> <— > —
1-0—0° = TESA -0 o

The two conditions on -~y thus require

1—90

o(1406) > S1=0) =

Routine calculations show that this is equivalent to
—1+30—30°— 6" >0,

where the left-hand side equals zero at § = /2 — 1, with strictly positive slope for § < v/2—1.
Hence, if 6 < /2 — 1, then the two conditions on ~ are again contradictory.

We can conclude that §(Gyy, G,~) > v/2 — 1 for all (Gy, G, 7) € S, which implies that
at least one of the necessary conditions for a collusive equilibrium is violated if § < v/2 — 1.

(Sufficiency) To prove sufficiency, we construct a collusive equilibrium building on the propo-
sitions and lemmas in Subsection 4.1. Before describing the construction idea, we first present
the on-path stage-game strategies, denoted by () for each 0, formally:

(1) Price distributions:

0, p <Dp,
1—364+6%+62(14p) .
Finl(p) = i moery o PEID),
W 1-25 51
82 p € [p7 )7
\ 17 p == 1
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and

(0, p<p,
1-25—62(1—p) A
Fu(p) = 52(1T—52+pp)7 p € [p, D),
L 1-5—53—262 51
52 ) p € [pa )a
L 1 p=1.

The common support of these distributions is

supp Fy = supp F, = [p, p| U {p},

where

Note that, consistent with Proposition 1 and Lemma 2, Fyy places atoms Ay (p) = ﬁ at

pand Ay (p) = w at p = 1, while F}, places atoms A (p) = %ﬁfj_l)

Ar(p) = :”52’;—?*53 at p = 1. Figure 2 depicts the distributions for § = 0.43.

(2) Tie-breaking allocation bids:?*

at p and

1 for [E7 Pl

1-5
2(1-0)—02

Yw(p) =
forp=1

The idea of construction is as follows. First, we assume that the price distributions have
a common support of the form [p, p] U {1}, with vy (p) = yw(p) = 1. Second, we express
Iy, [T, and p as a function of Gy (1) and G1(1), using (1), (2), and (5) (with Gy (p) = D).
Third, using these expressions, we set (ICW1), (ICL1), and (ICL2) to be binding and solve
the resulting system of equations, which yields Gy (1), G£(1), p, and yy(1) as a function of
¢. Finally, deriving the remaining values p, Az (p), and Ay (p) can be done by noting that for
each p € [p,p] U {1} and j € {W, L}, condition (IND) must hold, otherwise mixing over the
prices in the support of F; wouldn’t be optimal for firm j.

A simple calculation shows that Fy, and Fj are well-defined distribution functions (i.e.,
nondecreasing in prices, with 0 < p < p < 1) when ¢ € (V2—1,0;), where 6, ~ 0.445 is the
unique solution in ¢ € (0, 1) to the equation 1 = (2 —9)(1+ ¢). Further, in this case, we have
Ap(1) > Aw(1) and v (1) € (1, 1), implying that Gy (1) > G (1) and thus [Ty > II;.

Finally, there are no profitable deviations to prices outside of the common support [p, p] U
{1} of the on-path price distributions. First, by construction, (ICL1) and ICW1) hold, which

24 Arguments closely following those in the proof of Lemma 1 imply that vy (p) = yw (p) = 1 in a collusive

equilibrium with supp Fy = supp Fr, = [p,p] U {p} and and A (p), AL (p) > 0.
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Figure 2: Price distributions in the collusive equilibrium with interval-plus-point randomiza-
tion constructed in the proof of Theorem 1 (6 = 0.43)

implies that neither firm has an incentive to deviate to any price in (p,1). Second, also by
construction, (ICL2) holds, which implies that L has no incentive to deviate to any price below
p. Third, we have Ilyy = (1 — 0)p + 01l > (1 — §)p, which implies that IV has no incentive
to deviate to any price below p either.

Keeping the strategies and allocation rules fixed, all IC conditions are easier to satisfy for
higher §. Thus, we can conclude from the above results that, for each & € (v/2 — 1,6,), the
strategy profile o (') is a collusive equilibrium for any discount factor 6 > ¢’. This completes
the proof of sufficiency. [

In what follows, we will refer to the equilibria constructed in the sufficiency part of the
proof of Theorem 1 as collusive equilibria with interval-plus-point randomization. In such
equilibria, the on-path price distributions have a common support consisting of a non-empty
interval [p, p| plus a point at p = 1. Firm W places atoms at p and p. Firm L places atoms at p
and p. For any ¢ € (\/§ —1,0;), there exists a collusive equilibrium with interval-plus-point
randomization in which the three equilibrium conditions (ICW1), (ICL1), and (ICL2) are all
binding; for 6 > 4., collusive equilibria with interval-plus-point randomization exist but in
any such equilibrium, (ICW1), (ICL1), and (ICL2) are slack.

4.3 Optimal collusive equilibria

For any ¢ such that a collusive equilibrium exists, we say that an equilibrium is (cartel-)optimal
if there is no equilibrium with a strictly higher expected payoff II; + Il . Our first result on
optimal collusive equilibria is that the target price p must be equal to the monopoly price in
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an optimal equilibrium. Given our earlier results in Proposition 1, this means that both firms
charge the monopoly price with strictly positive probability on the equilibrium path of an

optimal collusive equilibrium.
Proposition 3. In an optimal collusive equilibrium, p = 1.

Proof. The proof proceeds by showing that if a collusive equilibrium with p € (0, 1) exists,*
then there also exists a collusive equilibrium with p = 1 and strictly higher expected payoffs.
A collusive equilibrium with on-path strategies (F, Fy, yw) such that p € (0, 1) exists if
and only if, for all j € {L, W}, (i) firm j earns the same expected payoff I, > 0 at any price
p € supp F}, and (ii) firm j cannot profitably deviate to any price p ¢ supp F};. Condition (i)
holds if and only if, for each j € {L, W}, (IND) holds for all p € supp F}.
Condition (i1) holds, that is, firm j has no profitable off-path deviation, if and only if

II; > (1 -4)Gj(p)p forany p ¢ supp Fj. Q)

Now consider the following alternative on-path strategies with = 1. Let p(p) = p/p,
Ei(p(p)) = Fy(p) forall p € [0,1] and j € {L, W}, and %;(p(p)) = ~;(p) f0r~every
p € supp F;. If Iy, and Fy, are well-defined distribution functions, then so are F7 and
Fy. Moreover, p = sup{p : Fj(p) < 1} = (p) = 1, and j(p) € supp Fj if and only if
p € supp Fj. Furthermore, denoting W’s winning probability at price p when the firms play
(Fr, Ew,Aw) by Gw (p), and similarly for L, we have G;(5(p)) = G,(p).

Consider a candidate equilibrium with on-path strategies (FL, FW, Aw ). If (IND) holds for
all p € supp F}, then also

&+ 0(Gw (1) = Gu(1)

1+ 6(Gw(1) — GL(1))

p= for any p € supp Fj.

Thus, at any price p € supp F] firm j obtains the same expected payoff, equal to%

11;
1> 115 (8)

. = 4
TP

Similarly, if (7) holds, then also IT; > (1 — 6)G,(p)p for all ¢ supp F}, because for any
p ¢ supp £,
(1 =96,

~ Hj (I =0)Gj(p)p _ B 5 o ~
I; = > > 5 (1—=0)G;(p(p)p(p).

25Recall that by Proposition 1, By, = p;, = p > 0 in any collusive equilibrium.
The strict inequality in (8) is implied by p € (0, 1) and II; > 0 (as shown in Proposition 2).
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We can conclude that if a collusive equilibrium with p € (0, 1) exists, then there also exists
a collusive equilibrium with p = 1 and strictly higher payoffs. It follows that p = 1 in any

optimal collusive equilibrium. O

To characterize optimal equilibria, it is useful to introduce two special classes of equilibria,
in addition to the class of interval-plus-point randomization equilibria from Section 4.2. The
first class is the set of collusive equilibria with one-sided randomization in which only firm W
randomizes, i.e., p, = p.2" Note that W must randomize over exactly two price points (for-
mally, supp Fy = {p,,,} U {P}) in such an equilibrium, otherwise 1’s indifference condition
across prices in the support of F}; would be violated given that 1/ wins with probability one
at any price strictly below p when L does not randomize. The second class consists of the set
of collusive equilibria with two-point randomization, in which each firm randomizes over the
same two price points, i.e., supp I'; = {p,p} withp < pforall j € {L, W}.

Our main theorem in this section shows that, whenever collusion is sustainable, the unique
payoff profile in an optimal equilibrium can be supported by one of these three classes of equi-
libria. The theorem also characterizes the on-path strategies that support the optimal payoff
profile in each case, by specifying the binding IC constraints at each discount factor. The proof
is constructive, and full descriptions of the on-path strategies and payoffs can be found in the

intermediate lemmas in the proof.

Theorem 2. For any § > /2 — 1, every optimal equilibrium achieves a unique payoff profile
(IT3,,(6)), I15.(0) ). The optimal payoff profile can be supported by a collusive equilibrium with

the following features:

1) Ifo € (\/§ —1,0,), interval-plus-point randomization with (ICL1), ICW1), and (ICL2)
binding;
(ii) If§ € [04,0,), two-point randomization with (ICL1) and (ICW1) binding;
(iii) Ifd € [0y, dpp), one-sided randomization with (ICL1) and (ICL2) binding;
(iv) If 0 > ¢, one-sided randomization with (ICL1) and (ICW1) binding;

where §, ~ 0.445 is the unique solution to §(2 — 6)(1 + 6) = 1in (0,3), 6, ~ 0.466
the unique solution to §(1 + 6)* = 1 in (0,3), and dpp =~ 0.490 the unique solution to

5(6(2+6)2—1)=1in(0,3).

Before presenting the proof of Theorem 2, we note that (ICL1) must bind in an opti-
mal equilibrium for any discount factor above the critical level for collusion. To understand
the intuition, suppose that (ICL1) is slack in equilibrium and consider a slight increase in

2"Recall that W cannot play a degenerate mixed strategy in a collusive equilibrium. Hence, if a collusive
equilibrium involves on-path price randomization by only one of the firms, W must be the firm that randomizes.
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Aw(p) = Aw(1).?® This induces two effects. First, it increases the firms’ profits on the
collusive path. Second, it increases L’s short-term deviation profit from undercutting the tar-
get price by raising its winning probability, thereby potentially making undercutting the target
price more tempting for L. If (ICL1) is slack, however, it remains slack provided the increase
in Ay (1) is sufficiently small. A small increase in Ay, (1) therefore improves the cartel profit
without adversely affecting incentives.

Similarly, in an optimal collusive equilibrium in which both bidders randomize, (ICW1)
must be binding because otherwise, the cartel profit can be improved by slightly increasing
Ap(1) without violating other incentive constraints. Therefore, (ICW1) binds for discount
factors at which the optimal equilibrium involves interval-plus-point randomization or two-
point randomization. In a collusive equilibrium with one-sided randomization, A (1) = 1,
hence this argument does not apply, and (ICW1) may but need not be binding in an optimal

equilibrium.

Proof of Theorem 2.

By Proposition 3, it is without loss of generality to focus only on collusive equilibria with
p = 1, which we will assume below without further reference. The remaining proof proceeds
in several steps using a series of lemmas (Lemmas 3—7) whose proofs are relegated to the

Appendix. The first step is as follows.

Lemma 3. Given any fixed § > V2 — 1, if there is a collusive equilibrium such that (ICL1),
(ICL2%), and (ICW1) are all binding, then the equilibrium is optimal.

The proof of Lemma 3 proceeds by showing that if an equilibrium in which (ICL1), (ICW1),
and (ICL2’) are binding exists, then this equilibrium achieves an upper bound of (IT; + IIy)
that is implied by necessary conditions for a collusive equilibrium.

From the proof of Theorem 1, we know that for any &’ € (v/2 — 1,8,), the strategy profile
o(9") constructed in that proof is a collusive equilibrium for all discount factors 6 > §’. Further,
by construction, in this equilibrium the three IC conditions in Lemma 3 are all binding when

9 = ¢'. This leads to the following corollary of Lemma 3.

Corollary 3. For each ¢’ € (v/2 — 1,d;), the equilibrium ¢(¢') with interval-plus-point ran-
domization constructed in Theorem 1 is optimal at discount factor § = §’. The equilibrium

payoffs are IT};, (§) = % and 1T} (8) = 215822 in this case.

Next, we study optimal equilibrium for discount factors 6 > ¢,. To this end, we first
examine the critical discount factor for collusive equilibria with one-sided randomization and

the optimal equilibria within this class.

28Note that a slight increase is feasible in any collusive equilibrium because Ay (p) < 1 by Lemma 2.
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Lemma 4. A collusive equilibrium with one-sided randomization exists if and only if § > J,,.
Further, for 6 > ¢, the following strategy profile is optimal within the class of one-sided

randomization equilibria: on the collusive path,
(A) If 0 > 0, then (ICL1) and ICW1) are binding, which implies

() Aw(1) =154 p = B2 Ay (p ) =1 — Aw(1),and AL(1) = 1,
.. -5
(i) (1) = 3_23(-1¢1)-W € (3 1),

(1-0)(1-v1-46?)

(i) Iy =1 -0 and 11, = 55 .

(B) If 0, <6 < 9o, then (ICL1) and (ICL2) are binding, which implies

() Aw (1) =8(1+06).p, = 8(1+8), Aw(p,) =1 — Aw(1),and Ag(1) = 1,

.. —8)6(146)2
(i) yw (1) = 55055 € (3,1,

(iii) Iy = 6(1 4 6)(1 — 62) and [T, = 5(1 — 62).

We now turn to collusive equilibria in which each firm j € {L, W} randomizes over two
price points (although not necessarily the same two prices). Our first preliminary result rules

out, for low discount factors, collusive equilibrium in this class in which p . <Py

Lemma 5. If § < ¢, then there is no collusive equilibrium in which supp F; = {]_oj} U {p}
foreachj € {L,W}andp, <p, .

It follows from Lemmas 2, 4, and 5 that for § € [, d,), there exists p}, € supp F}, such
that Py < p’ < 1in any collusive equilibrium. This, in turn, implies

Gw(1) Gr(l) _ Gr(1)
i) S G = Gy = Aw()

=1—-yw(1),

where the first inequality is implied by Gy (]_7W) < 1, the second inequality is equivalent to
Py < Pl and the third inequality is implied by pj, < 1 and thus G (p},) > Aw (1). Given the
results in Section 4.1, this implies that any collusive equilibrium must satisfy 0 < G(1) <
Gw(l) <1 —9y(1),1 =68 < (1) < 1,2 ICW1), and (ICL1) for this range of discount
factors.

As shown in the proof of our next lemma, the upper bound of (II;, + Il ) that can be
attained given this set of necessary conditions is achieved when Gy (1) = 1 — (1) and
(ICW1) and (ICL1) are both binding. Moreover, there exist collusive equilibria with two-
point randomization that attain this payoff upper bound if § € [d;, ). To report the result,
we compute the unique solution (G}, G7,~v*) to the system of equations of (ICW1) binding,
(ICL1) binding, and Gy (1) = 1 — v (1):

21 — 6 < yw (1) follows directly from (ICW1) and ITy, > 1.
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1—-26%—6%420*— (146 —0*)VB
26(2 — 0 — 352 + 203) ’

._3-06-20+VB
1= T s — a2

Gy =1—7" G} =

where B = (1 — §)(1 — 28) (1 + & + 26%) . Then,

Lemma 6. For § € [0, ), the following strategy profile, which involves two-point random-

ization, is an optimal collusive equilibrium: on the collusive path,

@) Aw(1) = 12 € (0,1), AL(1) = 2 € (0,1), p = Fg e = 5, and Ay (p) =
1—A;(1)foreachj =W, L,
(i) yw (1) =~ and yw(p) = 1,

(iii) T13, (8) = LE=202=VB anq T (§) = L=0-VE,

Finally, we turn to high discount factors, 6 > J,,, and show that the collusive equilibrium

with one-sided randomization in Lemma 4 is optimal.

Lemma 7. For § > ¢, the strategy profile with one-sided randomization in Lemma 4 is an op-
. . e N . (1-0)(1-V1-45?)
timal collusive equilibrium. Hence, for § > 6,0, I1};,(§) = 1—d and IT} (§) = 55 ;

and for 0, < § < dp0, I (0) = 6(1 +6)(1 — 6%) and IT% () = 6(1 — §2).

This completes the proof of Theorem 2. 0

Figure 3 depicts the optimal cartel profit as a function of the discount factor. The optimal
cartel profit (i) is strictly increasing in the discount factor for § € (\/5 -1, %), (i1) approaches
zero as 6 \, V2 — 1 and the monopoly level of one as § %, and (iii) exhibits a discon-
tinuous upward jump at the discount factor threshold above which equilibria with one-sided
randomization are sustainable (and yield optimal profits), but rises gradually in the discount
factor elsewhere.

Recall that in the canonical model we consider, restricting strategies to be stationary, pure,
or strongly-symmetric leads to the conclusion that the optimal cartel profit exhibits a bang-
bang structure: the cartel either earns zero profit (for § < %) or the monopoly profit (for
0> %). By considering a broader class of strategies, we obtain richer implications about col-
lusive profit patterns, without introducing additional features such as asymmetric information,
imperfect monitoring, or business cycles, into the model. Cartel profits in optimal imperfectly
collusive equilibria lie at intermediate levels between perfect competition and monopoly, with
profits rising from zero to the monopoly level (gradually except for the discontinuity at 6 = J,)
as firms become more patient.

The discontinuity in the optimal cartel profit, which may seem surprising, occurs at the

critical discount factor for the existence of collusive equilibria with one-sided randomization.
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Figure 3: Optimal equilibrium payoff (IT5 (§) + II3;,(9)) as 0 varies

For 6 > 4, collusion with one-sided randomization is sustainable and maximizes cartel prof-
its. For 0 < ¢, any collusive equilibrium must involve on-path price randomization by both
sellers in every period. This restricts the cartel’s ability to make profits by introducing a new
indifference condition compared to the case of one-sided randomization. Unlike in equilibria
with one-sided randomization, firm /’s on-path price distribution must now ensure firm L’s
indifference between the prices over which it is mixing. The need to keep L indifferent be-
tween setting the monopoly price and a lower price leads to a discontinuous fall in the optimal
cartel profit: at 6 = d,), keeping Fy and vy (1) fixed at the values in an optimal equilibrium
with one-sided randomization, L’s profit from setting a lower price p € [BW’ 1) without this
triggering a punishment strictly exceeds L’s profit from setting a price of 1.3° Therefore, to
make randomizing over multiple price optimal for L as the discount factor falls below ¢, it
is necessary that Ay (1), p, ., and v (1) fall discontinuously, causing a discontinuous drop in
cartel profit.

We conclude this section by highlighting some features of the equilibrium prices distribu-
tions in the optimal equilibria characterized in Theorem 2.

First, the collusive strategies that sustain the optimal cartel profit involve “fewer prices” at
higher discount factor. The cardinality of the supports of the on-path price distributions weakly

1

falls with the discount factor,®! and the measure of the common support of the on-path price

30This is true even if vy (BW) = 1. It follows that L’s expected payoff from setting a price below but
sufficiently close to Py without being punished also strictly exceeds its expected payoff from setting price 1.
311t is infinite under interval-plus-point randomization, equal to 2 for both sellers under two-point randomiza-
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distributions under interval-plus-point randomization strictly decreases with §.>> This aligns
with the intuition that there is less need to rely on the price randomization mechanism in order
to sustain collusion as firms become more patient.

Second, the expected winning price and the probability of a price tie at the monopoly price
strictly increase in the discount factor. At discount factors close to the critical threshold for im-
perfect collusion, the lower bound of the common support of the firms’ on-path price distribu-
tions converges to zero, but both firms still set prices above this lower bound with strictly pos-
itive probabilities and price ties at the monopoly price occur at positive (but low) frequency.*
At discount factors above the threshold for collusive equilibria with one-sided randomization,
the winning price is equal to the monopoly price in the majority of periods, but last period’s
loser (the current firm W) periodically sets a lower price on the collusive path without this
leading to cartel breakdown.

Third, the on-path price distribution F7j first-order stochastically dominates Fy for all
0 € (\/§ -1, %) Last period’s loser thus prices more aggressively than last period’s win-
ner, and firm W can be viewed as the “designated winner” and firm L as the “designated
loser” in the current period. However, bid rotation remains imperfect and the designated loser
L wins with strictly positive probability. It is also worth noting that the collusive strategies in
Theorem 2 do not converge to a perfect bid rotation scheme as the discount factor converges
to one half. Rather, they converge to the symmetric equilibrium in which both firms play the
monopoly price with probability one and win with symmetric probabilities. In fact, a collusive
equilibrium in which the firms take turns winning at the monopoly price cannot be sustained at

discount factors close to one half, as it requires § +d2 > 1, or equivalently, § > @ ~ 0.618.

4.4 Empirical implications and collusive markers

We now discuss some empirical implications of our analysis and how they relate to behav-
ioral screens for collusion that have been proposed in the literature and used by competition
authorities.

First, Chassang et al. (2022) show that “a missing mass of close losing bids” around the
winning bid is inconsistent with competitive bidding and thus indicative of collusion in auc-
tions. The optimal imperfectly collusive equilibria we have analyzed display such a “missing

bids” pattern. Whenever the observed winning bid is low (less than the monopoly price), the

tion, and equal to 1 and 2 for the two firms, respectively, under one-sided randomization

32The distance p—p strictly decreases in & for § € (v/2—1, ;). Hence, the measure of the common support of
the firms’ on-path price distribution in the constructed collusive equilibria with interval-plus-point randomization
strictly decreases in the discount factor.

33The upper bound p = § of the interval over which the two firms randomize does not converge to zero as the
discount factor falls to the critical threshold for imperfect collusion. In fact, as mentioned earlier, the distance
p — p in the interval-plus-point randomization equilibrium from Theorem 1 strictly decreases in the discount
factor.
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distribution of the losing bid has a missing mass around the winning bid with a strictly pos-
itive probability, as the loser puts an atom on the monopoly price. Moreover, in the case of
one-sided randomization, which is optimal for discount factors close enough to the critical
threshold for perfect collusion, the losing bid is equal to the monopoly price with probability
one, and hence any winning bid below the monopoly price is an isolated bid.

In addition to a missing mass of close losing bids, our theory predicts the occurrence of
identical bids at a high target price and a missing mass of bids right below that price—a com-
bination of features that appears unique to our theory.>* Moreover, since the frequency of ties
at the target price converges to zero as firms become less patient, observing identical high
bids in a single auction—although indicative of collusion—does not necessarily mean that prices
will be high in most future auction. Identical high bids at low frequency are consistent with a
struggling cartel sustaining imperfect collusion.

Second, predictable bid rotation patterns are treated as red flags by many competition au-
thorities.*>>*¢ In our theory, optimal imperfect collusion does involve bid rotation in that the
winner of the last auction has a lower winning probability in the current auction than the loser
of the last auction. At the same time, however, for collusion to be sustainable, it is essential that
bid rotation is imperfect and does not follow a predictable pattern. Successful imperfect col-
lusion requires randomness in the identity of the winning bidder. Hence, our theory suggests
that imperfect bid rotation patterns can be indicative of collusion, and that some bid rigging
cartels may adopt imperfect rotation schemes not primarily to avoid being flagged but because
it is essential for the successful functioning of the cartel.

Third, variance-based collusive markers, which treat low price variance over time as a col-
lusive marker (Abrantes-Metz et al., 2006; Harrington and Imhof, 2022), may flag some but
not all optimal imperfectly collusive equilibria. In our model with a stable environment, the
time variance of the winning price is close to zero in the limits of the range of discount fac-
tors considered, that is, if the discount factor is either close to the critical threshold for perfect
collusion of one half, so that the winning bid is the monopoly price with a probability close to
one, or close to the critical threshold for imperfect collusion of /2 — 1, so that the winning bid
is zero with a probability close to one. In contrast, for intermediate discount factors between

these two thresholds, the winning bid displays considerable variability as a result of the sellers’

34In the theory of optimal mediated collusion of Ortner et al. (2024), price ties also occur with strictly positive
probability, but the equilibrium bids follow an atomless joint distribution with a connected support. In contrast,
our theory of unmediated collusion involves price ties at a stable target price rather than random tied bids, and a
missing range of bids just below this target price.

31n its “Antitrust Primer” on price fixing and bid rigging, for instance, the U.S. Department of Justice (2021)
states that “A strict bid rotation pattern defies the law of chance and suggests collusion is taking place.” Bid rota-
tion is also listed in the “Red Flags of Collusion” report published by the Antitrust Division of the US Department
of Justice at https://www.justice.gov/atr/red-flags-collusion.

361t should be noted though that cost-based competitive explanations for bid rotation patterns exist. Kawai
et al. (2023) use a regression discontinuity approach to empirically distinguish between competitive and collusive
explanations. For empirical tests of collusion based on bid rotation, see also Ishii (2008, 2009).
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on-path price randomization. Therefore, simple price variance screens for collusion may fail to
detect moderately successful imperfect collusion while flagging unsuccessful imperfect collu-
sion that yields close-to-competitive pricing.>” A screen based on the coefficient of variation,
equal to the ratio of the standard deviation over the mean of prices, does better at capturing
the successfulness of imperfect collusion in our model. A high coefficient of variation is as-
sociated with a struggling cartel among impatient firms, while a low coefficient of variation is

associated with a more successful cartel among more patient firms.?

5 Robustness checks

51 N > 2firms

While our analysis has focused on the case of two firms for tractability, the main insight that
collusive strategies involving on-path price randomization and continuation payoff rewards
for losers allow firms to sustain collusion at discount factors below the threshold for perfect
collusion extends to markets with an arbitrary number N > 2 of firms. It is well-known that in

the /NV-firm case, collusion on the symmetric monopoly outcome can be sustained in a (pure-

strategy, stationary, and strongly-symmetric) subgame-perfect equilibrium if § > “=*. For
0 < %, all firms earn zero payoffs in any pure-strategy, stationary, or strongly-symmetric

subgame-perfect equilibrium. The proof of the next proposition shows that, as in the two-
firm case, collusion can be sustained for a wider range of discount factors once we consider a

broader class of strategies.

Proposition 4. Suppose N > 2. There exists a discount factor 6(N) € (0, %) such that a

collusive equilibrium exists if 6 > 0(N).

The result is proven by considering a symmetric generalization of the two-state equilibria
in Definition 1 for the case of NV > 2 firms. In each period, one firm takes the role of the
designated winner W, and the remaining N — 1 firms assume the role of designated losers.
The designated winner in period ¢ is randomly chosen among the N — 1 losers in period
t — 1; the winner in period ¢ — 1 thus always becomes a designated loser in period t. Ties
at the winning price are broken as follows: if W is among the firms that set the winning
price p, then W wins with vy (p) and the remaining winning probability of 1 — ~y(p) is split
symmetrically among all other firms that set the price p; otherwise, each of the firms that
set the lowest price wins with equal probability. Moreover, to simplify, the analysis focuses

on equilibria with one-sided randomization. Along the collusive path, the current designated

37This also applies to other models of collusion in which the firms play mixed strategies such as Bernheim
and Madsen (2017) and Ortner et al. (2024).

38n the optimal equilibria from Theorem 2, the coefficient of variation is strictly decreasing in the discount
factor except for a (quantitatively small) discontinuous upward jump at § .
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winner W randomizes over the monopoly price and a strictly lower price p, - < 1, while each
of the other (N — 1) firms sets the monopoly price with probability one. As in the two-firm
case, successful collusion relies on a combination of on-path price randomization (by firm W)
and history-dependent continuation payoffs (which now reward each loser with an ﬁ chance
of becoming the designated winner in the next period).

5.2 Fluctuating costs

In the baseline model, we have assumed that production costs are stable over time, but the main
insight of this paper extends to environments with fluctuating costs. To illustrate this, consider
a simple setting in which the common production cost in period ¢ is given by ¢; € {c!, "},
where ¢; = ¢! with probability p € (0, 1) for all £. We assume ¢! = 0 < ¢" < 1 and the firms
publicly observe ¢’ at the beginning of period ¢ as in Rotemberg and Saloner (1986).

The textbook treatment of this game focuses on subgame perfect equilibria in pure, symmet-
ric, and stationary strategies: the firms choose p” at ¢, = ¢ and p' at ¢, = ¢! on the equilibrium
path. As in our baseline model, such collusion still is sustainable only if § > %.39 By means of
example, the next proposition shows that collusive equilibrium exists for a wider range of dis-
count factors once a broader class of strategies, combining on-path price randomization with

continuation payoff rewards for losers, is considered.

Proposition 5. There exists p € (0, 1) such that for each p > p, there exists a discount factor
d(p) < 3 such that a collusive equilibrium exists if § > §(p).

6 Conclusion

In this paper, we have studied collusion in a canonical game of infinitely repeated symmetric
price competition with complete information, allowing on-path strategies to be non-stationary
and to involve price randomization. Our analysis uncovers a complementarity between on-path
price randomization and history-dependent favor exchange: by combining stochastic pricing
with continuation-payoff rewards for losers, a cartel can relax the incentive constraints that

would otherwise preclude collusion at low discount factors. With two firms, this mechanism

3To see this, let IT = pII' + (1 — p)II* > 0 be the ex-ante equilibrium value, where

!

h _ .h . o
u c)+6H, and Hl:(1—5)<g>+6ﬂ.

" = (1-¢) (
No firm has a profitable deviation if 611 > (1 — &) % and 611 > (1 — 5)%[, which implies

ST > (1 — p)II" 4 pIT' — 6T = (1 — 0)TT = 6§ >

DO =
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lowers the critical discount factor for collusion from one half to v/2 — 1, and we fully char-
acterize cartel-optimal equilibrium payoffs for any discount factor above this threshold. Op-
timal collusive payoffs rise from zero to the monopoly level as firms become more patient—
gradually except for a discontinuity at the threshold above which collusive equilibria with
one-sided randomization are sustainable—in contrast to the bang-bang structure that obtains
under the standard restrictions to pure, stationary, or strongly-symmetric strategies. Our exten-
sions to settings with more than two firms and with fluctuating production costs confirm that
the mechanism we identify applies more broadly.

Our theory rationalizes salient features of “struggling” cartels that previous theories can-
not adequately account for. In particular, it explains the occurrence of apparently deliberate
cheating followed by re-allocations of future business rather than cartel breakdown. In our
framework, this combination is essential for successful collusion: on-path price randomization
implies that cartel members occasionally choose prices below the target without triggering
punishment, while continuation-payoff rewards for losers generate the history-dependent vari-
ation in allocations over time that sustains incentives in the absence of side payments.

Several questions remain open for future research, including the role of mediated recom-
mendations in the class of equilibria we consider, a more complete analysis of collusive equi-
libria with N > 2 firms, and whether moving beyond the class of two-state equilibria we have

considered can further expand the scope for collusion.
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Appendix A: Proofs for Sections 4.1 and 5

Proof of Proposition 1 Suppose that G (p;) = 0 on the equilibrium path, which implies
I1;, = o0IIy, < IIyy. We show that a contradiction follows.
First, consider cases in which Py <P, - Then,

and thus Il = 1+6

it unprofitable to undercut Dyy» We have

Note that Py > 0 because otherwise, II;, = Il = 0. Since L must find
Py 5
I, > (1—6)_W<:>6HW: >(1—=9)p, — —>1+9,

+0 W 1—-9¢

Clearly, this is violated for § < % The same argument continues to hold when p.,- = p, and

AL(]—)L) =0.
Second, consider Py =P, and A L(]_oL) > (. Note that, since II; < Il and each firm’s

winning probability cannot exceed 1, a necessary equilibrium condition is that

Thus, Il < P, Since L should not have an incentive to undercut Py = Py it must be the

case that

which is compatible with Ily, < p, only if o> %

Finally, consider Py > D, Then,
II; = (1 — 5)]_?L +5HL — II, :}_?L.
Also, given that I/’s winning probability at price Py is less than 1 and 1 < [Ty,
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Moreover, it must be that

It follows from these observations that

which is violated for § < %

Next, suppose (in negation) that Gy (py;,) = 0. Then,
Iy = 0l = Iy = 0.
Moreover, a necessary equilibrium condition is that
Iy > (1=0)p, .

Given Il = 0, this condition implies p, = 0. It follows that II; = 0 as well, hence the
equilibrium is not collusive.

In summary, we have established that in a collusive equilibrium, G (p;) > 0and Gy (py) >
0. It follows that py, = p;, = p, AFw (p) > 0, AFL(p) > 0, and yw (p) € (0, 1). Moreover, it
must be that p > 0, otherwise I, = II;, = 0. U]

Proof of Lemma 1 Suppose Ay (p’) > 0 and Ay (p') > 0 for some p' < 1 and Fyy is not
constant just above p.** Then, there exists a sequence (p¥,)r € supp Fy such that pfy, N\, p'.

Taking the limit of this sequence, firm WW’s expected payoff is
Iy = (1 —0)(1 = Fr(p')p + (1 = Fr(p)I + Fr.(p))lw)
At the same time, since Ay (p’) > 0, it must also be true that

My =(1—0)(1 = FrL(p') + A )yw @)y’
+0((1 = Fr(p') + A )yw (@)L + (Fr(p') — An(p)yw (p)Hw)

The two expressions give the same payoff if and only if

0=—1=08)yw®)p + o)y — ).

40If p’ = 1, then the restriction of the price action space to [0, 1] directly implies that Fyy and F, are constant
(at one) for prices above p'.
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If v (p') > 0, then this condition is equivalent to

;0w —111)
P=—"s

which leads to a contradiction since, from the first payoff expression,

p_ (A= 0FL()lw —6(1 = F () o(w —11)
"o (=)~ F) SRET I

We conclude that if vy (p’) > 0, then there exists € > 0 such that Fyy is constant on [p/, p’ +¢€).

Now suppose Y (p’) = 0. Then, by the same reasoning as above, 1 — v (p’) > 0 implies
that there exists an € > 0 such that FJ, is constant on [p’, p’ + €). This, in turn, implies that Fy,
can place positive mass on at most one price in [p/, p’+e€) since otherwise, 11y, would be strictly
higher at a higher price in supp Fy N [p', p’ + €) than at a lower price in supp Fyy N [p/, p’ +€).
Given that Ay, (p') > 0, it follows that Fy; must be constant on [p/, p’ + ¢€).

By the same line of reasoning, there exists an ¢ > 0 such that F7, is constant on [p/, p’ + €).
Moreover, one can apply the same argument to show that £y and F7, must be constant just
below p’ for any p’ > 0. ]

Proof of Proposition 2 To save on notation, let v = vy (p), A; = A;(p), and G; = G;(p),
throughout the proof. We first show that IIy;; > II;, > 0. From the payoff expressions in (1)
and (2), II;, > Il if and only if G, > Gy . Suppose this is true. Adding up ICW1) and
(ICL1) and simplifying yields

L (1= 8(GL— Gw))(2G, = 8(G = Gw))
1-6°~ G.—0(G, — Gw)

Since 1175 < 2, this condition implies

(1-0(GL — Gw))(2GL — (G — Gw))

Gr— (G — Gw)
= 2(GL = 6(GL — Gw)) > (1 = 0(GL — Gw))(2GL — (G — Gw))
— — 5(GL — Gw)(l — (2 — 5)GL — 5Gw) > 0.

2>

This inequality is violated if G, = Gy orif G, > Gy and (2 — )G + dGyw < 1. Hence, it
must be that G, > Gw and (2 — §)G, + 6Gy > 1.
The condition (2 — §)G, + 6Gw > 1, in turn, is equivalent to

(1—=9)(2—0)Aw +vydAL > 1.
Note that since A, < 1, this condition implies (2 — §)Ay > 1. The condition is therefore
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equivalent to a strictly positive upper bound on ~:

(2= 8) Ay — 1
TS 2 5)Aw — AL ©)

Moreover, using the expressions for Gy and G, (ICW1) can be rewritten as

(1= 6)(1— 3Aw)
VT 51— 0)(By + An) (10

Conditions (9) and (10) are compatible only if

(1—0)(1 - 6Ay) (2—6)Ay — 1
1-0(1-0)(Ap + Aw) ~ (2—0)Aw — A,

or, equivalently,
(3 —20)Aw +20(1 —§)AL(1 — Ay) > 1. (11)
The derivative of the left-hand side of (11) with respect to J is

(3 — 4(5)AW + (1 — 25)2AL(1 — Aw) > 0,

hence (11) becomes less demanding as 9 rises. For § = %, (11) simplifies to
Aw + (1 - AW)T > 1,

which is violated because Ay < 1. Thus, conditions (9) and (10) are incompatible.
We can conclude that Gy, > G, and hence Iy, > II;, in any collusive equilibrium. The

result that I1; > 0 follows from Gy, > G, and Proposition 1.
Next, we show that Ay, < 1. Suppose (in negation) that Ay, = 1. Then, using (1),

0, — (1—7+5(Am—1+7))_
L L+0(Ay—1+7) )V

and the necessary equilibrium condition (ICL1) becomes

I, > (1-9)p.

Using the expression for II7, (ICL1) can be rewritten as

=9, 21+ Ap) > 1.
5
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Since v > 1 — 6 by ICW1) and Gy > G, we have 5(1—;5) < 6, hence this condition can hold
only if
§+6*(1+AL) > 1.

1

This is a contradiction since the left-hand side cannot exceed 1 for § < =. Therefore, we

conclude that Ay, < 1. [

N

Proof of Lemma 2 We will prove that AW(QW) > 0 for any ranking of p, and p, , and that
Ar(p,) > 0ifp, # p, . First, suppose p, . < p,. We show that in this case, Aw (p,,) > 0
and Ar(p,) > 0. Given p,, < p,, W’s expected lifetime payoff is strictly increasing in p €
[+, ) Nsupp Fy, implying that Fy, must be constanton [p,,p, ) at Ay (p, ) > 0. Also, if
Ar(p,) = 0, then Fy must place strictly positive densities on (p, , p, +¢) for every e > 0 since
otherwise, L’s expected lifetime payoff is strictly increasing in supp F1, N (p Pt ¢) for some
€ > 0, a contradiction. Then, however, W could profitably move probability density from the
minimum bid Py, 0 bids slightly above p , leading to another contradiction. Therefore, it
must be the case that Az(p,) > 0. By the same reasoning, Aw (p,,,) > 0and Ar(p,) > 0if
Py, = Py

Next, suppose p = p . = p,. If Aw(p) = Ar(p) = 0, there exist a sequence (pF)r €
supp F; such that p¥ \ p for each i = W, L. Taking the limit of these sequences, the equilib-

rium payoffs become
HL:HW:(1—5)1_9+(5HL:>HL:HW =D,

which contradicts Proposition 2. Thus, it follows that either Ay, (p) > 0 or Az(p) > 0. Finally,
assume Az (p) > 0 = Aw(p). Applying the similar arguments above, we then obtain II, = p
and

My = (1—=06)(1 = ApL(p)p+6 ((1 = AL(p)IL + Ar(p)lw ),

or equivalently,
(1—Ar(p)p

My = — =%
YT 1= 6AL(p)

However, this is a contradiction since

L-Arp)p (A-Aup)p
Hw = 1 —d0AL(p) S T1o Ar(p) —e=

We can conclude that Ay (p) > 0ifp=p =p,. O

Proof of Proposition 4 Consider symmetric two-state equilibria as described in the main
text following the statement of Proposition 4. Moreover, restrict attention to equilibria with
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one-sided randomization in which A.(1) = 1, Ay (1) € (0,1), and Ay (p,,) = 1 — A (1).
Let 2* € {1,2,..., N} denote the identity of the designated winner in period ¢. For each j # 1,

we have . MA(1
Pr(j wins in period t | 2" =) = (1 = 7w (L) Awf ),
N -1
and thus
, . Pr(jlosesinperiodt | z' =1) 1 (1 —yw(1)Aw(1)

t+1 __ t _ — _
Pr(z"™ =7 | 2f =1i) = N1 = N1 1 N1 :
Therefore,

_ (1 = w(1)Aw () 1 (1 —w(1)Aw(1)
I, = (1-9) N1 +6 1 1 N1 Iy

O e = LY

Similarly, for z* = i, the designated winner ¢ wins for certain when bidding py, = Py
yielding an expected lifetime payoff of

On the other hand, if firm 7 bids py = 1, it wins with probability vy1-(1), in which case 2+t # ¢
for sure; it loses with probability 1 — (1), in which case 2**! = 4 with probability ﬁ and
21 =£ § with the remaining probability. Therefore, we have

My = (1 —8)yw(l) + 5<1_N7—Y/EDHW * (1 a 1_N7—f/il)> HL)

Solving these three payoff conditions for (Ily, 1, vy) yields

0py, + Aw (1)1 —py,)

Lo N—1+3 ’ (12)
(N —1+8(N —2))p,, +3Aw(1)(1—p,,)
Hw = N—1+5 ’ (13)
(N =1)%p,, +6Aw(1)(1—p,,)
(1) = (N =12+ 6(N -1+ Aw(1)(1—p,) (14)
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Neither firm has a profitable deviation if the following incentives constraints are satisfied:

HW 2 1- 57
Iy > (1-98)Aw(1),
HL Z (1 - 5)BW’

which, using the above expressions, are equivalent to

(N =1+ 6(N =2))p, + 2w (1)1 —p,) > (1 - (N —1+0), (ICWIN)
0py, + Aw(1)(1 = p,,) > (1= 8)(N =1+ 8)Aw(1), (ICLIN)
0py, + Aw(1)(1—p,) > (1= 8)(N —1+6)p, . (ICL2N)

Setting(ICL1V) and (ICL2N) to be binding and solving for p , and Ay (1) yields
= Aw(1)=6(N —1+8)— N +2. (15)

Note that 6(N —1+0) = N +2 < 1ford < Y=L and §(N —1+6) — N +2 > 0 for

N b
5 > YNTEINT-N 41 L > VNZRN-T-N#1 for all N > 2, which is

. It is easy to see that & ~
equivalent to N2 — N + 1 > 0. Hence, there exist § < “—1 such that Py = Aw(1) in (15)
lies in (0, 1).

Finally, one can check that, for each /N, the remaining incentive constraint (ICW1/V) after

substituting in (15) holds with a strict inequality at § = % and gets continuously relaxed as
§ increases. It follows that there exists a §(N) € < VNPHINTN4L No 1) such that the con-

structed strategy profile is indeed a collusive equilibrium for any § > 0(/N), which completes
the proof. 0

Proof of Proposition 5 Consider a modified version of the one-sided randomization strategy

profile, which is described by the following on-path behaviors: (i) if ¢! = ¢, the plays are as

in the baseline model. That is, W randomizes between two prices py € {BW’ 1}, while L

chooses p;, = 1 with probability 1. The allocation to W when py, = p;, = 1is yw/(1), and the

winning firm (resp. losing firm) becomes L (resp. V) in the next period; (ii) if ¢ = ¢, both

W and L chooses pyy = pr, = ¢ and stay at the same state (i.e., their roles do not change).
Letting Iy and II;, denote the ex-ante value of W and L, respectively, we have

My = pIly, + (1 — p)IE,,  and Tl = pII} + (1 — p)lI%,

where I17 is the value of i = W, L after the firms learn ¢! = ¢* but before quoting prices. Since

41



the firms choose pyy = p;, = ¢ when the realized cost is ¢, we have
I}, = 6lly, and I} =610,

which yields

A P l T P !
Ty = (=g Mo 0 o= () 0o

As before, we first write down the firms’ lifetime payoffs as

11, =(1 = 8)Aw (1)(1 — (1))
+ 0 (Aw (1) (1 — 3w (1)) T + (1 — Aw (1) (1 — 3w (1))

M)
and

(1= 8)yw (1) + 0 (w (DI, + (1 = yw(I)Iw)  ifpw =1,

I, = o .
(1 —29)p,, +oll if pw = p,,,-

One can solve these three payoff conditions, together with (16), to obtain

(1—6(1—p)) (Ew(l —0(1—=p))+dAw(1)p (1 - Ew>)
14+6(2p—1) |

1T}y, =

(1=6(1=p)) (dpp,, + A (1) (1=p,, ) (1 =6(1=p))
1+6(2p—1) ’

I, =

and
Py,

(1—38(1—p)) +6Aw(L)p(l —p,,)
w (1) = .
1—5+6p<Aw(1) (1—BW> +2_BW)

" since the firms already play

Note that neither firm has a profitable deviation when ¢! = ¢
marginal-cost pricing. Thus, there is no profitable deviation if the following IC conditions at

¢t = ¢ are satisfied:

I, >1-4, (ICW1')
My, > (1= 8)Aw(1), (ICL1%
Iy, > (1=0)p,,. (ICL2Y)
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Solving (ICL1%) and (ICL2') to be binding and solving for P, and Ay (1) yields

QW _ AW(l) _ 5?51_4‘(5?525 ;))12)) c (O, 1)

forall p € (0,1) and 0 € (0, %) Also, (ICW1) evaluated at these values and § = % reduces to

pB3p° +p—2)—1
2(1+p)3

> 0,

which holds if and only if p > p ~ 0.871. It follows that for each p > p, there exists 9 (p) <

1
2
such that the constructed strategy profile is indeed a collusive equilibrium for § > J(p). O

Appendix B: Proofs for Theorem 2

To save on notation, we let v = vy (p) and G; = G;(p)for j = W, L throughout the proof.

Proof of Lemma 3 Recall that

Gw +GL+0(Gw — Gy)
14+ 6(Gw — Gyr) ’

Iy + 11, =

and that the following conditions must hold in a collusive equilbrium: (ICW1), (ICL1), (ICL2"),
1>Gw>Gr>0,and1 —6 <v < 1.

Thus, the cartel profit in any collusive equilibrium cannot exceed

e GW G+ 0(Gw — Gy
GW7GL7'7 1 + 5(GW - GL)
s.t. (ICWI1), ICL1), ICL2),

OSGLSngl,andl—égvgl

,Pli

By the maximum theorem, this optimization problem admits a solution, provided that there
is a collusive equilibrium such that (ICL1), (ICL2’), and (ICW1) are all binding (so that the
feasible set is non-empty). In particular, if G, = 0, then Gy = 0 by (ICL2’), in which case the
objective function takes zero value; if G > 0, then it must be that Gy, > (', since otherwise,
(ICW1) and (ICL1) require 6 > v > 1—9,and sod > %, a contradiction. Finally, if y = 1—4,
then ICW1) becomes 0 > §(Gw — G ), which is another contradiction when Gy > G.

Therefore, it is sufficient to consider the case where a solution satisfies Gy > G, > 0 and
v > 1 — 4. Clearly, for fixed Gy and +, the objective function is strictly increasing in G .
Also, increasing G, relaxes (ICW1) and (ICL2’). Thus, if (ICL1) is slack, the cartel profit can
be strictly improved by increasing G, slightly. Hence, (ICL1) must be binding at a solution.
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In addition, if both ICW1) and (ICL2’) are slack, then one can slightly reduce ~, so that all
three IC constraints become slack. This in turn would allow the cartel to strictly improve cartel
profit (e.g., by slightly raising G1,), which is a contradiction. Therefore, at least one of ICW1)
and (ICL2’) must be binding at a solution to P;.

Now, we show that if there is a collusive equilibrium such that (ICL1), (ICL2’), and (ICW1)
are all binding (in which case, Gy, G, 7, and the cartel profit are uniquely pinned down), then
it is optimal. Suppose first ICL1) and (ICW1) are binding. As shown in the proof of Theorem
1, this yields

(1=E-+7-1)
(=02 -1

and (ICL2’) reduces to

(2y—=1+0(1=7))(0+~v—1)

Gr= S(1—8)(27 —1) ’

7GW:

16
TEoa g o

Routine algebra shows that, in this case, the cartel profit is given by

(I1-0—-701-0-2y)

11 I1I; =
Wt 2y —1)

and that it is strictly increasing in v > 1 — . Thus, v = ﬁ at a solution, meaning that
(ICL2’) must be binding as well.
Next, suppose (ICL1) and (ICL2’) are binding. Again, we already know that, in this case,
d(1+9)

GL:T_V7 GW:

(1—0*)(6(1+0) =)
PA—6—062)

and (ICW1) reduces to

S 1-9
TEoA gy o
Then, we have
(2—0—0%)(0+ 0% —1)
0*(1 =) ’

at a solution, implying that ICW1)

Iy + 11, =

which is strictly decreasing in . Therefore, v = ﬁ

is binding as well.

Note that a collusive equilibrium in which all the IC constraints is binding yields

(L= +26-1)  30-1-8" -4

HW - 52 ) L 52 Y
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w0 (-5 + 0@ +25 1)

52

Since this cartel surplus is strictly positive if and only if § > /2 — 1, we can conclude that it

My + 11, =

is optimal. L

Proof of Lemma 4 For notational simplicity, let us write Ay, = Ay(1). Given a collusive
equilibrium with one-sided randomization, solving the system of equations from the indiffer-

ence conditions yields

opy, + Aw(l—p,)

II; = = = 17
Py, +0AW(l—p, )
11 _ =W =W 18

T TR AT -p,)

19)

Note that v € (0,1) if 1 > p,, and Aw > 0. Moreover, I1; + Iy = Py T Aw (1 — £W>’
the expected winning price on the equilibrium path, and Il > Il if and only if p = >
Then, the three IC constraints can be written as

w T 0Aw(l—p,)>1-6, (ICW1)
5 wFAw(l—p, ) > (1-0%)Aw, (ICL1)
5;3W +Aw(l—p,) > (1-8)p, (ICL2)

We now show that if § < J, there is no collusive equilibrium with one-sided randomization.
First, observe that ICW1) implies Py > % To see this, let us rewrite (ICW1) as

1— 62— Ay
Pw = "1 5A,

which shows that if Py < % then

1 1-6—6Aw
— > 7 = /A > 1 — 2462
27 1-6Aw 08w 2 0

Since Ay < 1, this implies § > 1 — 252, which is a contradiction since § < % Thus, it must
be the case that Py > % in any collusive equilibrium with one-sided randomization.
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Then, since p,,, > 3 > 6%, we can rewrite (ICL1) as follows:

)
Ay < By .
Py, — 62

Notice also that ICW1) and (ICL2) become relaxed as Ay increases, so these two conditions

must hold for Ay, = p(sgf" . More precisely, (ICW1) for Ay, = Pw i given by
w

)4 62 BW_62
5%(1 —
p, (1+ (—BQV) >1- 02,
& Z_?W _ 6
which can be simplified to
2
0 > p,, (1 —py,) (20)

Similarly, (ICL2) for Ay, = pég—ﬁ"y is given by
w

1—
8 <1+ BWQ) >1-0% (21)
]_)W_(S

1
2’
(21) imposes an upper bound on Py because its left-hand side is strictly decreasing in Py, It
follows that (21) must hold for p = = tvi—dom Vé_w, which can be easily checked to be equivalent
to 6(1 +d)? > 1, 0or § > d,. This completes the proof that there is no collusive equilibrium

Note that condition (20) is equivalent to p = > 14y 1—467 V;W since p,, > 3, while condition

with one-sided randomization for § < 9.
Next, we construct optimal equilibrium in the class of one-sided randomization for 6 > ¢,,.

To this end, consider the following maximization problem:

ma + A (l —
Py EWvAWé((O,l) Py, w( ]_9W)

s.t. (ICW1), (ICL1), and (ICL2).

Notice that the problem admits a solution when considering Ay, Py € [0, 1], provided that
the feasible set satisfying all the constraints is non-empty. In this case, a solution must satisfy
Py, € (3,1) and Ay € (0,1): (ICL2) is violated if p,, = 1, whereas p . > 5 follows from
(ICW1), as previously shown. Also, if Ay, = 0, then (ICL2) is violated, while if Ay, = 1,
then (ICL1) becomes

52
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which contradicts p,, > 3 because 1‘5—_25 < 3 ford < 5.
It is now clear that (ICL1) must be binding at a solution to Py, which is equivalent to
Ay = (Aw — O)pyys OL Py, = Awd® Substituting this into (ICW1) yields

Aw 3

S(1+AY) — Aw >0, (22)

which requires Ay < Ay = 1_\/215_752 € (0,1). Similarly, substituting p, = = ﬁv"[‘//i into
(ICL2) yields

Aw > Ay = 6(1+8) € (0,1). (23)

It is straightforward to check that Ay > Ay, if and only if § > 9.

Moreover, the objective function becomes

Ay 62
I(Aw) = —%

Ay 6> Aw (1 — Ay )d?
= Ay (1- ) = Ay + wi w)
Ay — 90

Aw — 96 Ay —0

and its derivative with respect to Ay is

II'(Aw) =1 —6° (1+H) :

Thus, the objective functions is strictly increasing in Ay for

A d+4/ o7
w > + 1 67

and strictly decreasing if this inequality is reversed, which implies that it is maximized at an

extreme value of Ay,. By routine calculations, one can check that Py = ﬁ“ﬁ’/‘”i € (0,1) for
both Ay = Ay, and Ay = Ay, and that

M(Aw) — T(Ay) 2" (6(1468)2 —1) (=146 (82 + )% — 1)),

which equals zero for § = &, and for § > §,, II(Ay) > [I(Ay,) if and only if
—146(0(2+46)>—1) >0.

Further, the left-hand side of this inequality is strictly increasing in § > 9, with

1
—14+6(0(2+0)° = 1) |s_1= TR
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and

146 (5(246)% =1) |sms, = =1+ 380 (35 (24 30)* — 1)
=—1+85(2(1+d0) +1)
<0,
1
3
respectively. Therefore, there exists a unique solution 0, ~ 0.49 € (QO, %) to the equation
—1+6(8(2+6)? —1) = 0, which implies that the optimal equilibrium in the class of one-
sided randomization equilibria involves Ay = Ay for § > 8,0, and Ay = Ay, for §, <
0 < dpp- In the former case, (ICL1) and ICW1) are binding; in the latter case, (ICL1) and
(ICL2) are binding. The proof is completed by substituting these values of Ay, into (17)—(19),

where the second equality and the inequality follow from d,, (1 + éo)2 —1=0andd, <

resulting in the values stated in the lemma. [

Proof of Lemma 5 Note that Gw (p,,,) = Ar(1) = GWT(” in a collusive equilibrium with
supp Fj = {Bj} U {1} such thatp, < p, . Thus, it must be that Gy < v and (ICL2) becomes

(1—6)GL + *Gw > (1 —6)7. (ICL2)

We show that the necessary equilibrium conditions (ICW1), (ICL1), ICL2), v > Gyw > G >
0, and v € (0, 1) cannot hold for 6 < §,,.

To this end, we consider the following minimization problem:

min )
0,Gw,GL,y
P : s.t (ICW1), (ICL1), (ICL2),

0<Gr<Gw<y<1l,and0 <4<

N | —

Clearly, all the constraints are satisfied for 6 = Gy = G = v = %, and the problem
admits a solution. Note that v > 0 and G, > 0 at a solution: if v = 0, then Gy = G = 0,
so ICW1) implies § = 1; if v > 0 and G, = 0, then (ICL2) and v > Gy imply 62 > 1 — 6,
which cannot hold for § < % Also, given v > 0 and G > 0, if Gy = G, then (ICW1) and
(ICL1) imply 6 > 1. Thus, it must be the case that Gy > G, > 0 for 6 < 3. Finally, given
Gw > G > 0, (ICL1) requires v < 1, which in turn implies 6 > 0 by (ICW1). Therefore,

we conclude that it is necessary that 0 < G < Gy <~v < landd > 0 ford < %
1
5’
because otherwise, one can slightly increase (G, which makes all the IC constraints slack and

Focusing on cases with § < notice that (ICL1) must be binding at a solution to Ps

allows for a strict decrease in 0. A similar argument applies if both ICW1) and Gy, < v are
slack, in which case one can slightly decrease . Finally, if both (ICW1) and (ICL2) are slack,
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then (ICL1) can also be made slack by slightly decreasing GGy and by the same amount,
leading to the same conclusion. To see this, consider 7 = v — e and G, = Gy — e fore > 0.

Then, we have G}, < 7/, and its marginal effect on (ICL1) is given by

2 (1= )1 = 9)Gs + 6G) — (1= 8) (1 +0(Giy — Gu))C)]

= (1-0)Gp, +6Gw — 6(1 — ) + 6(1 — 8)Gy,
= (1= 303Gy, + 0Gyw — 5(1 — ).

e=0

This is strictly positive because

(1 — 52)GL + oGy > (1 — 52)GL + 52GW > (1 — (5)’)/ > (5(1 — ’7),

where the second inequality is (ICL2), and the last inequality comes from v > 1 — 9 > %

which is implied by ICW1). Therefore, we conclude that if § < %, then either (ICL1) and

(ICW1) are both binding, or (ICL1), (ICL2), and Gy < + are all binding.
First, suppose that (ICL1), (ICL2), and Gy < ~ are binding, which yields

5(1— 6)(1 +6)?
1—0°— ot

5(1— 262 — 6%
1— 03— ot

7GL:

Gw=v=

Given this, ICW1) becomes

(1—6)(1— 08— 282 — 5%
1— 63— ot 20,

which is equivalent to 6 > 9.
Next, suppose (ICL1) and (ICW1) are binding, which yields

o — 14+6%(1—7)+292 =3y +6(4y— 12 —2)
v 5(1—0)(2y—1)

Given this, tedious computation shows that (ICL2) is equivalent to
—143y =3y +6(2—67+67*) + 63y —1—27%) >0,

which requires

(1—6)(3—30 — /32160 —3)
6 — 126 + 402

y > . (24)
On the other hand, the condition Gy, < -y is equivalent to

0(1=0)(2y = 1)y =1 =38 (1—7) = 29" + 3y = d(4y —7* —2) > 0.
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It is straightforward to check that left-hand side is strictly decreasing in v > 1 — §, which
implies that Gy, < ~ imposes an upper bound on . Taken together, it follows that Gy, < ~
should be satisfied at the lower bound of 7 in (24), that is,

14621 —7)+ 27> =3y +0(4y —v*—2)
”‘( - 0)2r — 1) )20

(~ — (1=0)(3-36—V/TF63-3)
aty = 6-1201452

if and only if 6 > ¢,,.

We have shown that the minimized discount factor is 6 = J,, in Ps, and this is achieved

. Indeed, one can directly compute to show that this condition holds

only when the condition GGy < 7 is binding. Since GGy = +y violates a necessary equilibrium
condition, we conclude that if 6 < J,, there is no collusive equilibrium with supp F; =

{Bj} U{l}foralljandp, <p, . N

Proof of Lemma 6 Let us consider the following maximization problem:

s Gw—i-GL—F(S(Gw—GL)
Gw,GLyy 1+ 5<GW - GL)

s.t. (ICW1), (ICL1),
OSGLSngl—%andl—dgygl.

Py

Clearly, the equilibrium cartel profit cannot exceed the value of the problem P4, which will be
shown to be achieved by the equilibrium characterized in the lemma.

We only consider cases with GGy > 0 since otherwise, the objective function takes zero
value. Given this, it follows that Gy, > G| since (ICL1) and (ICW1) respectively require
v <dandy > 1—6 when Gy = Gy, which violates § < 1. In turn, this implies y > 1 — 4
since if y = 1 — ¢, then ICW1) implies Gy = GT.

It is now clear that (ICL1) and (ICW1) must be both binding: If (ICL1) is slack, then
the objective function can be strictly improved by slightly increasing G1,, whereas if (ICW1)
is slack, such improvement can be made by slightly decreasing v (and slightly raising G ).
Solving the binding (ICL1) and ICW1) yields

1=y +y-1)
(I=0)2y—1)

(2y—=14+6(1=7)(0+~y—1)
5(1—=0)(2y—1) ’

Gr = Gw =
in which case

GL>0 << ~v>1-9,
and
Ol )

> Lo - -
Gw > G <— A=o% = v
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Also, the objective function is

Gw + G+ 6(Gw = Gr) _ (1=6—9)(1—35—2y)
1 -+ 5(GW - GL) (57(2"}/ — 1) ’

and this is strictly increasing iny > 1 — 4.
Finally, the condition Gy < 1 — v becomes

Y(2+6 -2 —v(3—-6—-20*)+1-8 <0,

and the left-hand side of this inequality is strictly increasing in v because

a%(72(2+6—252)—7(3—6—252)+1—6):27(2+6—252)—(3—6—252)
>2(1—-6)(2+6 —20%) — (3-8 —20°)
= (1 —8)(1 —25)(1 + 29)

> 0.

Hence, Gy < 1 — ~ is equivalent to

., 3—-0—-20*++VB
Y=y = SR
4+ 28 — 46

where B = (1 —0)(1 —20) (1 + 6 + 26?%).
Now, one can directly compute the binding (ICW1), (ICL1), and Gy = 1 — v to check that

their unique solution is given by
GW = G*W, GL = Gz, andv = ’}/*,

and that for § € [d;,d,), wehave 1 —§ < 4* < 1, and G}, > G > 0. We thus conclude that
(G, G, ) is the unique solution to the problem P.

Next, we consider the strategy profile characterized in the lemma, which involves two-point
randomization and yields Gy = Gy, G, = G}, and v = . Notice that (ICW2) is satisfied
because

Gw+(1—8)y— (1= 8)(1+5(Gw — G1)) "1 - 52+ 25 — (1+6)VB,
and

1—62420°> (140)VB < (1-62+20°)%> (1+6)°B
= 40°(2+ 0 — 26%) >0,
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which clearly holds. Also, routine algebra shows that (ICL2) is satisfied if and only if
1438 +26*—46°— (14 6+ VB >0
which is equivalent to

(1430 +20* — 46%)* > (1 + 0 + 6*)°B
= (=1+62-0)(1+6)(2+6(1—25))>0
= 62-8)(1+35)—-1>0
& 0 > Iy

We thus conclude that this strategy profile is an optimal collusive equilibrium, which completes
the proof of the lemma. 0

Proof of Lemma 7 There are two classes of cases to consider. First, cases in which there is
no p; € supp F, such that Py < P, < P, which implies supp F; = {g_?j} U {1} for all j and
p, < p,,- Second, cases in which there is P} € supp F7, such that [ Py <D.

First, suppose there is an equilibrium with supp F; = {gj} U{l} forall jandp <p, .
As shown in the proof of Lemma 8, (ICL2) then becomes

(1 —65)GL +*°Gw > (1 —6)y, (ICL2)

and in any such equilibrium, the cartel profit cannot exceed

s Gw—i-GL—F(S(Gw—GL)
Gw,GrLy 1+ 5(GW — GL)
s.t. (ICW1), dICL1), (ICL2),

0<GL<Gw <7 Gr<1l—v,and1l -6 <y <1,

Pg,:

If G = 0, then (ICL2) becomes equivalent to %GW > =, which implies Gy > 7 since
1% < 1ford < % This is a contradiction, so G, > 0 and v < 1. Also, given G > 0, if
Gw = G, then ICW1) and (ICL1) imply 1 — 6 < v < 9, which also contradicts § < % In
turn, this implies v > 1—¢ by (ICW1). Finally, if G, = 1—+, then (ICL1) becomes equivalent
to 6(1 — d) + 682Gy > (1 — 62). Since Gy < v and v > 1 — 4, this implies § > 1 — 262,
which is a contradiction. Therefore, we conclude that v > Gy > G > 0, G, < 1 — 7, and
1 —0 < v < 1 at a solution of the problem Ps.

Given this, (ICL1) must be binding at a solution to Ps5: otherwise, one can strictly improve
the value of the objective function by slightly increasing G;,. Notice also that if both (ICW1)

and the constraint Gy, < +y are slack, the objective function can be strictly improved by slightly
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decreasing vy (and slightly raising G'). Therefore, either (ICW1) is binding or Gy, =  at a
solution. Clearly, the latter case corresponds to equilibrium with one-sided randomization, in
which case the equilibria characterized in Lemma 4 remain optimal. Instead, if (ICL1) and

(ICW1) are binding, then we have, as shown in the proof of Lemma 3,

1=y +y-1)
(1=0)(2y—-1)

2y —=1+0(1=7))(0+~—1)

Gr= S(1=0)(2y—1) ’

7GW:

yielding
(1-0—7)(1-0-2y)
0y(2y - 1) ’

which is strictly increasing in v > 1 — 4. In particular, the constraint Gy, < v becomes

Iy + 11, =

V(1 =0)2y -1+ (FP(y =1 +7v(B3-27) +62—4y+~*) —1) >0,

where the left-hand side is strictly decreasing in  for all § < % Therefore, Gy < v im-
poses an upper bound on v, which again leads to GGy = 7 (i.e., one-sided randomization) for
optimality. Hence, we conclude that there is no collusive equilibrium with two-point random-
ization, which satisfies p, < p  and generates a strictly higher cartel profit than those with
one-sided randomization in Lemma 4.

It remains to show that the same conclusion holds when considering strategies satisfying
Py < p; < 1 for some p; € supp F. From the proof of Lemma 6, we know that the
maximum cartel profit in these equilibria is achieved when (ICW1), (ICL1), and Gy <1 — 7

are all binding, yielding

(-453+452+5—1+\/§) (—253+52+1+\/§>
5(1—25+x/§) (3—6—252+\/§)

Iy + 11, =

(25)

where
B=(1-6)(1—-25) (1+6+25).

On the other hand, as shown in the proof of Lemma 4, the highest cartel profit obtainable

in an equilibrium with one-sided randomization is

(1—10) (1426 — V1 —40?)
26

Hw+HL:maX{ ,5(2+5—252—53)}

Therefore, it suffices to show that the cartel profit in (25) lies below

(1—=10) (1426 — v1—46?)
26
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After some algebraic manipulations, one can check that

(1—26) (1426 — VI—45?) (—453+462+5—1+\/§) <—263+52+1+\/§)

20 5(1—25+\/§)(3—5—252+\/§)

(1+0)VB—(1—08)v1I—45%46(1—0(3—26))
20

Clearly, 1 — §(3 —2§) > O forall 6 < % Also,

(1+8)VB>(1-0V1—-42 < (1+6)?B>(1-0)%*(1—48?)
246+ (0(20 +1)* —12) 6% > 0,

which can be shown to hold for § < % Therefore, we conclude that the collusive equilibrium

with one-sided randomization in Lemma 4 is indeed optimal for all § > 9. [l

Appendix C: Anecdotal evidence from recent cartel cases

There is abundant anecdotal evidence of price cartels exhibiting imperfect bid rotation, a pat-
tern that closely matches the predictions of our theory. In these cartels, although colluding
firms may agree in advance on designated winners across multiple auctions, this strategy is
often imperfectly implemented due to price-cutting and cheating by other members. Conse-
quently, the sequence of realized winners is irregular and appears partly random.

One such instance can be found in the Hume pipes cartel in South Korea.*! Between Jan-
uary 2012 and May 2016, twelve firms in South Korea participated in collusive bidding in 147
competitive procurement auctions for Hume pipes organized by the Public Procurement Ser-
vice of Korea.*>** The collusive agreement was relatively simple in the first two auctions: the
firms submitted identical bids and let the procurer select the winning bidder at random. Over
time, however, the arrangement evolved into a more structured form. Prior to each auction, the
firms agreed on a designated winning bidder, the losing bidders, and the prices to be submitted.
A designated winner is chosen stochastically through a lottery, and because this lottery-based
allocation resulted in some firms repeatedly failing to secure contracts, the cartel agreed to

introduce a so-called “support scheme for disadvantaged firms”.** Under this scheme, firms

4I'The following is based on and translated from the Korea FTC, Decision No. 2020-185 (July 16, 2020).

“These include nine defendant firms—Daekwang Concrete, Daeshin Industry, Daeil Concrete, Dobong Con-
crete, Dongyang Concrete Industry, Sangwon, One Industries, Hyunmyeong Industry, and Heungil Enterprise—
as well as three additional firms that later exited the market and were therefore excluded from the list of defendants
in the final decision.

“3Hume pipes are centrifugally cast reinforced concrete pipes widely used in sewage infrastructure projects
for their high strength and water-tightness.

# Although the exact timing when this system was introduced is unclear, testimonial evidence suggests that
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that had failed to win contracts in five or more consecutive lotteries were given priority in con-
tract assignments with an estimated value of no more than KRW 200 million. As disparities
in contract awards nevertheless persisted, the system was further revised so that firms winning
higher-value contracts were required to forgo a greater number of future lottery opportunities.

Another issue repeatedly discussed in cartel meetings was how to deal with price-cutting
behavior. Although designated winners and losers were determined in advance, price-cutting
behavior sometimes resulted in designated winners losing the contract, which became a subject
of discussion in the meetings. Indeed, firm A—which had participated in the cartel from the
beginning to approximately July, 2014—deviated from the agreement by underbidding and
secured the contract in the auction announced on August 8, 2012. Although the cartel members
discussed imposing penalties for this deviation, the collusive arrangement itself continued,
while firm A participated in eight subsequent auctions without winning any contracts until it
won the auction announced on April 18, 2013.%> Then, firm A again violated the agreement
in the auction announced on June 20, 2014, and in response, the cartel decided to impose

sanctions on firm A. According to testimony from an executive of Dobong Concrete,

“Meanwhile, in the case of firm A, in a procurement auction (...) held on June
25, 2014, Daeshin Industry was supposed to win the contract; however, due to an
error by a firm A’s employee in entering the unit price, firm A ended up winning
the auction. Accordingly, at the meeting held on July 10, 2014, it was resolved
to impose sanctions on firm A, including restrictions on its participation in five

future (second-stage MAS) competitions.”

The system-furniture cartel in South Korea serves as another example of an imperfect cartels
exhibiting price cutting and imperfect bid rotation.*® Between February 2012 and November
2022, Dongsungsa, Spacemax, Youngil Industry, Zamart, and Hanssem, together with fifteen
other companies, engaged in bid rigging in 109 system-furniture procurement auctions orga-
nized by eleven construction companies. The collusion was typically implemented through
prior coordination via telephone communication on the designated winning bidder and bid
prices. However, as in the Hume pipe cartel, the actual sequence of contract awards does not
exhibit a clear or stable pattern, as instances of price-cutting sometimes resulted in cases in
which the designated winner failed to secure the contract.

For example, among the 25 system-furniture procurement auctions organized by IS Dongseo
between February 2014 and October 2022, Youngil Industry won the 12th auction, held on

January 31, 2018, even though Wooami was designated as the winning bidder.*” Despite this

the scheme was in place by early 2013.
#3The Korea FTC noted that it was unable to find evidence for direct monetary penalties from firm A.
46The following is based on and translated from the Korea FTC, Decision No. 2025-003 (February 12, 2025).
#TYoungil Industry stated that it had been designated to win this auction, but records provided by Dongsungsa
indicate that Wooami was the designated winner.
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outcome, Youngil Industry continued to participate in the bidding ring. In the 15th auction,
held on February 20, 2020, Youngil Industry then became the victim of price-cutting by Galim.
In a meeting with investigators, Galim indeed stated, “As reflected in Dongsungsa’s testimony,
there are many statements indicating that Galim was not cooperative.” Nevertheless, Galim ap-
pears to have remained a cartel member through the final (25th) auction. In the 19th auction,
held on October 6, 2021, Galim again submitted a low bid and won the contract that Youngil

Industry had been designated to receive.
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