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1 Introduction

Conglomerate mergers refer to mergers between firms that are “in a relationship which
is neither horizontal (as competitors in the same relevant market) nor vertical (as
suppliers or customers)” (EU Merger guidelines, 2008). They typically involve firms
operating in separate product markets that may nevertheless serve the same customers
with complementary products. Recent years have witnessed a wide range of conglom-
erate mergers in the digital economy (such as Google/Fitbit and Facebook/Giphy in
2020, or Booking/eTraveli in 2023) and in other sectors (such as ASL/Arianespace in
2016, or Luxottica/Essilor in 2018).

Over the past decades, European and U.S. competition authorities have adopted
significantly different approaches to the assessment of conglomerate mergers. In the
US, competition authorities have usually been lenient towards conglomerate mergers
since the 1970s. Robert Bork (1978) claimed that conglomerate mergers raised “no
threat to competition”. However, US antitrust authorities seem to have shifted their
position on that matter recently. For instance, the Federal Trade Commission has
initiated legal action to reverse Facebook’s acquisitions of WhatsApp and Instagram.
This recent trend is also reflected in the revised 2023 Merger Guidelines: Although
these guidelines do not treat conglomerate mergers as a distinct category of concern,
they explicitly recognize that such a merger can be problematic whenever it enables a
firm that is already powerful in one market to expand its power into adjacent markets.
The guidelines also note that a merger may harm competition if it gives a firm the
ability to bundle products or engage in exclusionary strategies that disadvantage rivals.

In the EU, the assessment of conglomerate mergers has traditionally been more
cautious. The main concern of the European Commission’s DG Competition relates
to the possible emergence of portfolio effects, whereby a merged firm could leverage
a broad range of products to strengthen or extend its market power. In particular, a
firm with a large product portfolio may gain the ability to engage in bundling or tying
complementary products, or to offer portfolio-wide rebates, so as to make it harder
for rivals offering single products to compete effectively. These strategies can foreclose
competitors either by raising their costs or by reducing their access to customers.!

The European Commission’s opposition to the Tetra Laval/Sidel merger (2001) re-
flects these concerns. The Commission blocked the merger on the grounds that Tetra
Laval could leverage its dominant position in carton packaging into the PET pack-

aging equipment market, thereby generating harmful conglomerate effects.? Similar

In 2024, the European Commission published draft guidelines on exclusionary conduct that
tighten the legal framework governing exclusionary practices. In particular, the draft introduced re-
buttable presumptions of foreclosure for certain practices, such as portfolio practices. It also shifted
the burden of proof to the dominant firm.

ZNote that the Tetra Laval/Sidel decision was overturned by the Court of First Instance (now the



reasoning underpinned the Commission’s decision in the General Electric/Honeywell
merger. In that case, the Commission argued that the merged entity — linking Gen-
eral Electric’s aircraft engines with Honeywell’s avionics and non-avionics aerospace
components — would be able to bundle or tie complementary products, giving it a com-
petitive advantage over rivals offering only individual components. The Commission
claimed that these effects could potentially lead to foreclosure of rivals and strengthen
General Electric’s already strong position in aircraft engines. More recently, the Euro-
pean Commission blocked the Booking/eTraveli merger in 2023 due to concerns that
the merger would strengthen Booking’s dominance in the hotel Online Travel Agency
market.?

The economic literature highlights a trade-off between potential pro- and anti-
competitive effects of conglomerate mergers. The pro-competitive effects mostly rely
on the elimination of (horizontal) double marginalization based on product comple-
mentarity or consumption synergies. On the other hand, theories of harm include
foreclosure through tying (Rey and Tirole, 2007). Whinston (1990) shows that tying
independent products may create entry barrier by allowing an incumbent to commit
to a more aggressive response to entry. Carlton, Gans and Waldman (2010) show that
an incumbent may also choose to tie complementary products so as to protect a core
market, whenever entry into a secondary market could facilitate future entry into the
primary market. Tying can also discourage rivals from investing and innovating (Choi
and Stefanadis, 2001). Portfolio effects arising from bundling have also been empha-
sized in the literature. It is well known that a merger of firms producing complemen-
tary products eliminates double marginalization and leads to lower prices. When the
merged firm faces competitors and can bundle the two products, Nalebuff (2004) and
Choi (2008) find that the bundle is priced more aggressively and gains market share at
rivals” expense. This leads to lower prices for all products. However, the stand-alone
prices can increase, harming consumers who prefer to mix and match products from
different suppliers. Some papers have also developed a leverage theory of bundling in
vertical markets. Chambolle and Molina (2023) show that a multi-product upstream
firm can profitably bundle its dominant product with a less efficient product, leading
to inefficient exclusion, when the buyer’s bargaining power is large. deCorniere and
Taylor (2021) also show in a vertical set-up that a multi-product upstream firm facing
competition on a subset of its products can profitably tie the monopolized product
with the competitive ones, and reduce upstream rivals’ willingness to offer slotting

fees to retailers as long as some contractual frictions exist. Finally, Chen and Rey

General Court), which held that the Commission’s economic analysis and evidence were insufficient
to demonstrate that the merger would likely lead to such anti-competitive effects.
3See https://ec.europa.eu/commission/presscorner/detail/en/ip_23_4573.
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(2025) focus on exploitation rather than exclusion. They show that the exploitation of
heterogeneous demand-side synergies (due for instance to one-stop shopping benefits)
can lead to higher prices for stand-alone products, without foreclosing competitors.
While conglomerate mergers may benefit consumers who derive substantial synergies,
they can harm consumers with low synergies.

In this paper, we provide a different theory of harm relying on the dynamics of
innovation. We build on Aghion et al. (2001) to derive the impact of a conglomerate
merger on consumption growth in a continuous time model. We consider a continuum
of industries. In each industry, consumers purchase a system composed of a product
provided by a platform and a complementary product supplied by a complementor.
The platform market and the complementary product market are each characterized
by duopoly competition. Platforms invest in R&D to develop the next-generation
technology, which grants the consumers a higher utility. They must decide whether to
share information with complementors - information is necessary to grant full compat-
ibility of the complementor, but information leakages by informed complementors may
lead to imitation by the rival platforms. To be protected against such a risk of informa-
tion leakage and imitation, a platform can choose to be imperfectly compatible with a
complementor - however, such incompatibility degrades the value of the resulting sys-
tem for consumers. In this setting, we show that a conglomerate merger between one
platform and one complementor eliminates imitation concerns for the merging parties,
but may exacerbate them for rivals. We find that, in a pre-merger benchmark case,
platforms always choose to be fully compatible with the complementors, and imita-
tion never occurs in equilibrium. In contrast, in the merger case, platforms choose to
be selectively compatible: the integrated platform is selectively compatible with its
subsidiary complementor, whereas the independent platform is selectively compatible
with the independent complementor. As a consequence, selective compatibility cre-
ates double marginalization for the rival, ultimately leading to lower innovation of the
independent rival and slower growth.

The paper is organized as follows. Section 2 displays the setting and provides
some preliminary results. Section 3 presents the equilibrium analysis in the pre-merger
industry, while section 4 derives the equilibrium outcomes when a conglomerate merger
between a platform and a complementor has taken place. Finally, in section 5 we show
that the conglomerate merger leads to a lower consumption growth by reducing the

rival platforms’ investment.



2 The model

2.1 Framework

We introduce platforms and complementors in the framework developed by Aghion
et al. (2001), in which a continuum of industries supply infinitely-lived consumers. In
each industry, there are two differentiated platforms, P, and Ppg, and two identical
complementors, C; and C5. We consider two situations: in the benchmark situation,
the two complementors are independent from any platform; in the alternative scenario,
P, and C] are instead integrated.

Time is continuous and at each instant ¢ € [0,+00), the two platforms face a
constant unit cost ¢ > 0, the complementors face a constant unit cost normalized to 0
and the value of system P, —C}, fori € T ={A, B} and j € J = {1, 2}, is determined
by the quality of P;’s technology, ~;, and the compatibility with C;’s offering. All firms

have the same interest rate r > 0.

2.1.1 Technology

Investments. There exist infinitely many technologies, with technology k& € N being
of quality ¥, where v > 1. At each instant, a platform can develop the next technology

with any Poisson arrival rate p by investing

where A > 0.

Compatibility. Once a new technology is developed, complementors need access
to sensitive information to become compatible. Incompatibility entails an arbitrar-
ily small loss [ > 0 per unit of time for the developing platform.? Transmitting the
information thus enables the platform to avoid this loss, but it is irreversible.
Compatibility decisions determine the value of the systems. Specifically, if a com-
plementor is compatible with a platform using technology k, together they offer the

full value v*, otherwise they only offer a reduced value v*/m, where m € [1,7].

Imitation. A complementor who has information about a platform’s technology can,
at arbitrarily small cost € > 0, communicate that information to the rival platform, in

which case the rival replicates the platform’s technology instantly and at no cost.’

4To simplify the exposition, we will omit this loss I in the expressions of the payoffs, except when
needed to break ties. The same applies to the imitation cost € introduced below.

®As is intuitive and will be confirmed later on (see Remark 1), a laggard has always an incentive
to replicate the leader’s technology whenever possible. Hence, without loss of generality, we assume
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Merger. When P4 and (] are integrated, they maximize their joint profit. Without
loss of generality, we moreover assume that C; is automatically compatible with P4y,

and that it never leaks information about P4’s technology.’

Industry states. To limit the set of configurations, it is usually assumed that,
whenever a new technology is developed, the previous one(s) falls in the public domain,
which ensures that the technology gap is at most 1. We will take this assumption
one step further and assume that a technology falls in the public domain as soon as
it is duplicated (through investment or imitation). This implies that compatibility
decisions are only relevant for a leading technology.

It follows that, at each instant, the industry can be in two technology states: leveled

or uneven. Specifically:

e In a leveled state with technology k, as noted above, both platforms are com-

patible with both complementors; all systems thus offer the same quality, 7*.

e In an uneven state with technologies k£ and k£ + 1, the laggard is fully compat-
ible, and both systems based on it thus again offer the quality v*. The leader
delivers instead a system of quality v**! when combined with a compatible com-
plementor, and of a lower quality, v**!/m, when combined with an incompatible

complementor.

In addition, when the technology state is uneven, the industry can be in one of
four compatibility states, depending on which complementors, if any, have been granted
information about the leading technology— with the caveat that integration warrants
compatibility.

Finally, we suppose that any technological development and information transmis-

sion is detected at once, so that the state of the industry is public knowledge.

2.1.2 Product market competition

We assume that platforms compete in quantities, whereas complementors compete
in platform-specific prices; an auctioneer then allocates consumers among the best
systems offered by each platform, and sets platform prices, based on their best offered
values. We provide a detailed exposition in Online appendix A and summarize the

main features here.

that information leakages always prompt imitation.

6The subsidiary complementor has indeed no incentive to leak information about its own tech-
nology; the integrated platform benefits from being compatible with its complementor, as it avoids
double marginalization without triggering imitation.



Competition among complementors. If a given platform P; is compatible with
both complementors, then, as they offer the same value to consumers, Bertrand-like
competition drives their prices down to cost (i.e., zero). Consumers therefore fully
benefit from P;’s quality, ;.

Likewise, if P; is incompatible with both complementors, these again offer the same
value to consumers and competition still drives their prices down to cost. However,
consumers now only benefit from the degraded quality #;.

If, instead, an independent P; is compatible with a single complementor, then
competition induces the incompatible complementor to price at cost, but enables the
compatible one to charge a positive price, absorbing the additional surplus generated
by its better value. Hence, consumers again only benefit from P;’s degraded quality,
5 = yi/m.

Finally, if an integrated P; is only compatible with its own complementor, then
competition induces again the incompatible complementor to price at cost, and enables
the integrated one to win the competition. The integrated firm can then extract
consumers willingness to pay for its quality through the complementor’s and/or the
platform’s price. For the sake of exposition, we adopt the convention that it does so
through the latter, and that the integrated complementor thus prices at cost.

For further reference, for ¢ € Z let

Yi =

v; if P; is either fully compatible or integrated,
4; otherwise,

denote P;’s effective quality, as perceived by consumers.
Competition among platforms. Consumers’ utility is U = log C, where

C = 9494 + VBYB (1)

denotes total consumption, based on effective qualities; the inverse demand for P; is

thus given by (with h referring to P,’s rival):

< Vi
pi = P (g, qn:%i7m) = ———=—, 2
( ) Vi + Yndn @)
and P;’s profit is [P (¢, qn; i, 7n) — ¢] gi- 1t readily follows that equilibrium quantities
are given by: o
-~ = YAYB

qa=q =q(Y4,78) = ———3, (3)

c(ya+9B)

Building on this, flow profits are as follows:



e In a leveled state, both platforms obtain:

1
o Z_l’

and independent complementors obtain zero profit.

e In an uneven state, the leader and the laggard instead respectively obtain:
T (Y) = i) and 7_ (7) =

where

N { ~ if the leader is either fully compatible or integrated,
Y =

4 otherwise.

Furthermore, independent complementors obtain zero profit, except when a sin-

gle one is compatible with an independent leader, in which case it obtains

v+1

7 =lo
g('y+1

).

It is straightforward to check that 7, () and 7_ () are, respectively, increasing and

decreasing, and moreover satisfy 7_ (v) = 7, (1/v) and 7y (1) = 7_ (1) = mo; hence:
T (7) > () 2 mo =7 () > 7 (7). (4)

2.2 Recap

At each instant ¢:

e The industry state is characterized by a technology state, leveled or uneven, and

in the latter case, by a compatibility state.

e The industry state determines the product market flow outcome, as described
in section 2.1.2. In addition, compatible complementors choose whether to leak

information about the leading technology.

e Investment decisions and information leakages determine the evolution of the
technology state and, whenever relevant, compatibility decisions determine the
evolution of the compatibility state. Furthermore, while investment decisions
affect the evolution in a probabilistic manner, information leakages and compat-

ibility decisions have an immediate impact.



We focus on stationary Markov perfect equilibria in pure strategies, in which firms’
investment, compatibility, and leakage decisions depend only on the current state of

the industry.

2.3 Preliminary observations

We first note that platforms always opt for some compatibility:

Claim 1 (compatibility). In equilibrium, a leader never opts for full incompatibility.

Proof. See Appendix A. |
Next, we provide a partial characterization of equilibrium investments. For 7 € Z,

let {pit, pio, pi—} and {Viy, Vio, Vi_}, respectively denote P;’s investments and contin-

uation values when leading, leveled and lagging behind, we have:

Claim 2 (investments). In equilibrium, fori € I, investments and continuation values

are:
Pi+ = 07 (5)
pio = Amax {Vi+ — Vio, 0} ) (6)
pi— = Amax{V;—V;_,0}. (7)
Proof. See Appendix B. [ |

A leader thus never invests in R&D. By contrast, leveled and laggard platforms

invest whenever doing so enables them to improve their continuation values.

Next, we show that imitation never arises in equilibrium:
Claim 3 (no imitation). In equilibrium, leading technologies are never imitated.
Proof. See Appendix C. [ |

To see why, it suffices to note that a platform can always prevent imitation by
opting for full incompatibility when independent, or to selective compatibility with
its subsidiary when integrated. Doing so entails a loss [ (per complementor), which
is however arbitrarily small, but preserves the benefit of being a leader and moreover

delays the prospect of becoming a laggard (which is a possibility in the leveled state).

It follows from Claim 3 that the industry state changes whenever a leveled or

laggard platform innovates; building on this yields:



Claim 4 (continuation values). The equilibrium continuation values satisfy, for i #

hel:

rVig = my (’?71) — Ph— (Vi+ - Vio) ) (8)
2
rVio = mo— g—l)(\) + pio Vix — Vio) — pro Vio — Vi), 9)
2
Vi = 7 () — pQK +oi (Vio—Vil), (10)

where vy is equal to v if Py is integrated, or is independent and opts for full compatibility

when leading, and to 4 otherwise.

Proof. Fix i # h € Z. At each instant ¢ in which the industry is in a leveled state,
between t and t + dt, P; obtains a profit mydt and incurs an investment cost C' (p;o) dt ;
furthermore, P; then becomes a leader with probability p;odt, a laggard with probability

prodt, and remains leveled otherwise. Hence, its continuation value satisfies:

2
Vio = (w0 — £0)dt + &= [Vig + puodt (Vi = Vio) — pnodt (Vio = Vi)

Taking the limit as dt goes to 0, using 1 — e~ " ~ 1 — rdt and simplifying yields (9).

In the uneven state, from Claim 3, the leader and the laggard remain so until the

laggard innovates. The continuation values thus satisfy (noting that, from Claim 2,
pit+ = 0):
Vig = me(a)dt 4+ e [Viy — pu_dt (Viy. — Vip)],

Vi = () - O

o Jdt + e "MV, + pi_dt (Vig — Vi_)].

Following the same steps as above yields (8) and (10). n

It follows from Claims 2 and 4 that leveled and laggard platforms always invest in
R&D:

Corollary 1 (investments). In equilibrium, investments and continuation values sat-

wsfy, forv € L:

pio = A(Vig = Vi) >0, (11)



Proof. Combining (9) and (10) yields:

2 2
Pi— (v vy Po
pi_ ’
= mo— 7 (V) + 57 +max{p (Viy — Vio) — 57}
2\ p
Py
2\

pi_
2

(r+pno +pic) Vi = Vi) = mo—m_(7h) +

2

P
+p(‘/i+_‘/i)_ﬁ

> o — 7 (V) +
p=0

= Ty —T- (’7h)+
> 0,

where the first inequality stems from the optimality of P;’s investment decision when
leveled, and the last inequality stems from (4) and p2 /(2)\) > 0. It follows that

Vio > Vi_.
Together with (7), this yields (12).

Likewise, combining (8) and (9) yields:

2

(r + pr— + pio) (Vig — Vio) = 7 (Vi) — 7o + g—i)(\)‘F,Oho (Vio — Vie) > 0,

where the inequality stems from (4), pZ/(2X) > 0, pro > 0 and Vig > V;_. Tt follows
that V;y > Vo, which, together with (6), yields (11). [ ]

Remark 1 (imitation). It follows from Corollary 1 that Viy > V;_ for anyi € Z. Hence,
a laggard platform has a strict incentive to imitate the leader’s technology whenever it

benefits from an information leakage.

3 Pre-merger benchmark

We study here the case where platforms and complementors are all independent.

3.1 Full compatibility

We first show that there exists an equilibrium in which leaders opt for full compatibility.
Let

Br(y) =7 (y) —moand B (y) =m — 7 (7) (13)

10



denote the innovation benefits respectively associated with switching from leveled to

leader, and from laggard to leveled, which satisfy:”

Be () > B-(7) > 0.

We have:®

Proposition 1 (separation). In case of separation, there exists a unique symmetric
equilibrium featuring full compatibility. The resulting investments of a leveled platform

and a laggard, po = p5 (1, \,7) and p_ = p° (r, \,7), are uniquely characterized by:

(r 4 po)* = r* + 2284, (14)
(r+po+p)2=r*+2\8; +p5 + 206, (15)

and satisfy, forr >0, A >0 and v > 1:

(i) pg (r, A7) > p% (r,\,7) > 0;

(ii) p3 (r,\,7) and p° (r,\,7) are both strictly decreasing in v and strictly increasing

m A and 7.

Proof. See Appendix D. [ ]

3.2 Uniqueness

We now show that there is no equilibrium in which leaders opt for limited compatibility.
From Claim 1, we know that leaders never opt for full incompatibility. Furthermore if
one platform opts for selective compatibility, then its rival must also do so. To see this,
suppose instead that P; chooses to be selectively compatible with C; whereas P, opts
for full compatibility, for some ¢ # h € Z and j € J. This implies that C; obtains zero
profit in a leveled state or when P, is a leader, and a positive profit when instead P;
is a leader. It follows that, for € small enough, C; has an incentive to leak information

when P, is a leader, so as to trigger an immediate switch to a leveled state and reduce

"The second inequality follows directly from (4), and the second one amounts to

o PSRN & GRS S et V
0<Br(Y)=B-(Y) =7 (V) +7_(v) 270_(1+7)2 2_2(1+’Y)27

which holds for any v > 1.

8Proposition 1 focuses on equilibria in which platforms opt for full compatibility when leading, and
establishes existence and uniqueness of a symmetric equilibrium in that class. We provide in Online
appendix B numerical simulations suggesting the absence of asymmetric equilibria in that class. The
next proposition shows that all equilibria lie in that class under an additional assumption.

11



in this way the expected length of time before P; can become a leader. However, from
Claim 3, imitation cannot arise in equilibrium, a contradiction.
The only remaining option is for both platforms to opt for selected compatibility;
the next lemma shows that this cannot arise when investments are sufficiently costly.
Specifically, we will maintain the following assumption:

Assumption A.
A< A = 2
SANY) =573
2B+ (7)

We have:
Proposition 2 (separation). Under Assumption A, in case of separation, in equilib-

rium, leaders opt for full compatibility.

Proof. See Appendix E. [ |

The intuition is as follows. Opting for full compatibility enables a leader to generate
more profit, but also fosters the laggard’s incentive to invest, as the laggard obtains
less profit in the case of full compatibility than in the case of selective compatibility.
When investments are substantially costly (as under Assumption A), the laggard’s

investments are low anyway, and the trade-off is resolved in favor of full compatibility.’

3.3 Growth rate

We now study the implications for growth. To this aim, we follow Aghion et al. (2001)
and suppose that there is a continuum of industries indexed by s € [0, 1], each as

characterized above, and assume further that aggregate consumption, C, is given by

1
logC' = / log Cds,
0

where, for each industry s, C; is given by (1) . Consider a stationary equilibrium, in
which, at any time, a proportion 7 of industries is in an uneven state (and, thus, a

proportion 1 — 7 is in a leveled state). Stationarity requires

2(1 =7)p5 (r, A7) = 702 (r, A7), (16)
implying that the equilibrium proportion is equal to:

205 (1, M\, 7)
205 (r, X, 7) 4+ p2 (r, A, )

9 Assumption A provides a sufficient condition. Appendix E provides a weaker sufficient condition,
which is, however, less tractable.

7 (r, A, )
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In an industry s in which platforms’ qualities are v4 and g, total consumption is

YAYB
Cs = v4qa + VBYB = m,

where the second equality stems from (3). It follows that, in a leveled state in which

both firms have the same quality 7*, innovation by either platform increases C; by:

:,ykx,ykJrl ,ykx,yk: 2,}/
Ak i R A

T

In an uneven state, innovation by the laggard increases instead C; by:!'

o= ’}/k—H % 7k+1/’7k+1 % ,Yk _ 1+'Y _ l
- ,Yk—i-l + fyk+1 7k+1 + ’}/k 2 71'

Integrating over all industries, the growth rate of aggregate consumption is given by:

g% (A7) = [1 =75 (r A 9)] x 205 (r, A, 7) xlog 1 +7% (r, A, ) x p° (1, A, %) x log 7o,

which, using (16) and ~y; = 7, simplifies to:

g% (A7) = 2p5 (1A, 7) [L = 75(r, A, )] log .

It readily follows from proposition 2 that:

Corollary 2 (separation). In case of separation, the growth rate is strictly decreasing

i r and strictly increasing in A and .

Proof. We have:

205 (1, A7) p— (1, X, 7) log = log vy
- 1
) 205 (r, A7) + P

S
g (ry A, y) =
( ) 205 (1, A7) +pS (r, Ay

.
(r,A)

The conclusion readily follows from proposition 2 — namely, from the fact that p5 (r, X, )

and p° (1, \,7) are both strictly decreasing in r and strictly increasing in A and v. =

4 Conglomerate merger

We now study the situation in which P, and C) are integrated.

OThat v9y; = 7 follows from the fact that, along a cycle in which both platforms innovate (e.g.,
one takes the lead and then the other catches up) industry output increases by 7.

13



4.1 Selective Compatibility

Under integration, as shown in Remark 1, the integrated complementor has always an
incentive to leak information from the independent platform to its own platform. The
independent platform thus chooses to be selectively compatible with the independent
complementor. Interestingly, this in turn incentivizes the independent complementor
to leak information from the integrated platform if possible. As a result, the integrated
firm also opts for selective compatibility (with its own complementor) so as to be

protected from imitation.

Proposition 3 (integration). In the case of integration, there exists an equilibrium.

Furthermore, in equilibrium.:

e the integrated platform is selectively compatible with its complementor and the
independent platform s selectively compatible with the independent complemen-

tor;

o the equilibrium investments p; = pi;(r,\,7,%), for i € {A, B} and j € {0, -},

are positive and characterized by:

(r+pp-+ %)PAO = M3+(7) + pa—pso, (17)
(r+pa-+ %)pBo = A3+ (%) + pB—pao, (18)
(r+ ppo + %)PA— =A3-(%) + %7 (19)
(7 + pao + %)PB— = AB-(7) + %' (20)
Proof. See Appendix F. "

4.2 Growth rate

To study the implications for growth, we suppose again that there is a continuum of
industries, each now featuring an integrated platform A and an independent platform
B, and consider a stationary equilibrium in which a proportion 74 of industries has
the integrated platform as leader, a proportion 75 the independent platform as leader,

and thus a proportion 1 — 74 — 75 is in a leveled state. Stationarity here implies:

TA-PB— = (1—7‘A—TB)pA0, (21)
TB.pa- = (1 — T4 — TB)pBO- (22)

14



Hence:

74— PAOPA—
paopA- + pa—pp— + PRoPB-
PBOPB—
B

 pAoPA— + pa_pB— + pBOPB-

Following the same steps as in Section 3.3, in each cycle of the form leveled / P; leader
/ leveled, total consumption grows by 7: in the cycle based on the integrated platform,
consumption grows by ~; in the first part of the cycle and by 79 = /7 in the second

part, as before; in the cycle based on the independent platform, it grows by

5 = Y / N |
VA A 1+
in the first part, and by
5o = Py / e e BN € S o) o e ]
VL AR AR 94 2y ol

The growth rate is therefore given by:
9" = (1 —7a—78) X (paclogyi + ppologH1) + 7a X pp_logyo + 7 X pa_log o,
which, using (21), (22) and 179 = 9150 = 7, simplifies to:
9" = (1 =74 —78)(pa0 + pro) log ¥

_ pa—pB—(pao + pso)
PAOPA— T PA-PB— T+ PBOPB-

log .

5 Impact of integration

We now study the impact of horizontal integration on equilibrium investments and
growth rates. For the sake of exposition, for the pre-merger situation we focus on
the equilibrium featuring full compatibility (which, from Proposition 2, is the only
symmetric equilibrium under Assumption A). The pre-merger investments are then
pa0 = po = p5 (1, \,y) and pa_ = pp_ = p° (r,\,7), characterized by Proposition 1.
The post-merger investments are instead characterized by Proposition 3.

We first note that integration has no incidence on platforms’ flow profits when
leveled or when Py is leading. It follows that it has no incidence either on P4’s invest-
ment incentive when leveled, or on Pp’s investment incentive when lagging behind.
By contrast, integration triggers a double marginalization problem for the indepen-

dent platform when leading, implying that Pp (resp., Ps) then obtains less (resp.,
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more) profit than under separation. This, in turn, implies that integration reduces
Pg’s investment incentive when leveled as well as P4’s incentive when lagging behind.
Hence, as long as these direct effects prevail, integration adversely affects innovation
and, thus, growth.

Building on this intuition, we now show that integration indeed reduces the prob-

ability of innovation in leveled states:

Proposition 4. For anyr >0, v > 1,A> 0, and ¥ € [1,7),

pAO(Tv >\a 7, ’3/) + PBO(Ta >\7 e /3/) S 2/05(73 )‘7 ’Y)

Proof. See Appendix G. [ ]

To proceed further, we present below a local analysis for m close to 1 (i.e., for small
enough double marginalization problems). We then provide simulations showing that

integration indeed adversely affects innovation in a wide range of parameters.

5.1 Local analysis

We consider first the situation in which the compatibility decision has little impact on
the effective quality, that is m is close to 1 — implying that ¥ is close to . In the limit

case m = 1, 4 = v and the investments are the same under integration and separation:

pAO‘m:l = pBO‘m:l = Pg and pA*'m:l = pB*‘m:l = pf.

The following proposition derives the impact if integration on growth rates and on

some investments when m is close to 1.

Proposition 5. When m is close enough to 1, integration leads to a reduction of the

growth rate. Furthermore,

e the average investment of the laggard is reduced:
P (X 2) + (X7, ) < 205 (A, 7);
_ = _ = z
e under Assumption A, the investment of the independent platform is reduced:
Lor Ay, ) < pS and ply (A, L) < pS(r, A
pB0<T7 777m) <;00 an pB—(Tv 777m) <:0—(T7 ’7)

Proof. See Appendix H. [ |
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5.2 Simulations

The simulation compares the pre-merger investments (o3, p°) = (o5 (1, A\, 7), p% (1, X, 7)),
characterized by (14)-(15), with the post-for merger investments pj; = pf;(r, X,7,%),
for i € {A,B} and j € {0, —}, characterized by (47)-(50). The simulations are con-
ducted for r in ]0, 100] (with » = 1 and steps of 10 from 10 to 100), all integer values
of A € [1,20], all integer values of v € [1,30], and all integer values of m € [2,30]. We
consider only parameters that verify Assumption A. Note that about 7297 simulations
over about a total of 89320 are constrained by this assumption.

For each pair (y,m), we compute the ratio 4 = v/m and associated coefficients
By (7), B=(7), B+ (7), B+ (), and solve numerically the systems (14)-(15) and (47)-
(50) using a real-valued root-finding procedure from Mathematica. Among the candi-
date equilibrium investments, we focus on positive ones (from Proposition 1 and 3),
which yields a unique solution. We then compute the proportion of firms in uneven
states, 7, 74, and 7, and the corresponding growth levels in the pre-merger bench-
mark, ¢°, and in the post-merger case, g’. The simulations then compare the two
growth rates. Their difference is used to define a binary indicator equal to one when-
ever g° < g!. This indicator is computed for each admissible (v, m) pair, and the total
number of occurrences is recorded. In our simulations, we observe that a score of 0 is
obtained in 100% of cases. We also compute the ratio of the change in growth between

91;595 and plot its distribution across all simulations in Figure 1. The

the two states as

Distribution of (g’-g°)/g° over all simulations

d-&°)ie®

Tos 0.3 0.2 -0.1
Figure 1: Percentage change in growth rates.
simulations also compute the equilibrium investments p5 and p° in the pre-merger
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benchmark case, and pag, pgo, p5_ and p%_. We show that pao, ppo, and p3_ sys-
tematically decrease with the conglomerate mergers, whereas p5_ either decreases or
increases slightly. We also compute the ratio of the change in each investment and

plot its distribution across all simulations in Figure 2.

Figure 2: Percentage change in investments.

Proposition 6. In the above simulations, we find that the conglomerate merger:
e always reduces the independent rival’s investments, ppo and pp_;
o always reduces the integrated platform’s investment when leveled, pag;
e almost always reduces the integrated platform’s investment pa_ when lagging;
e always reduces the growth rate.

The magnitude of the impact in percentage points is the largest for ppy and p4_.
For the independent platform, the reduction can reach almost 100% of the investment.
For the integrated rival, the reduction may also reach 100%, but we observe a few cases
in which the effort may increase by up to 10%. The impact on the investments paq
and pp_ is much more limited. The reduction can go up to 8% for the independent
platform, whereas it reaches only 4% for the integrated one.

Regarding growth, the bulk of the effect is between 10% and 30%. The maximum
effect observed is a reduction of growth by about 40%.
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Appendix

A  Proof of Claim 1

By construction, an integrated leader is always compatible with its subsidiary. We
thus now focus on a candidate equilibrium in which P;, say, is independent from
both complementors and opts for full incompatibility when leading — implying that
complementors always obtain zero profit on its platform. We distinguish below two
cases, depending on the compatibility decisions of its rival P, (when leading).

If in equilibrium the rival P, also opts for full incompatibility, or opts instead for
full compatibility, independent complementors obtain zero profit in all industry states.
If, instead, P, opts for selective compatibility when leading, then the non-selected
complementor expects again zero profit in all industry states. In both cases, there is
at least one complementor, say C}, who expects zero profit in all industry states. But
then, when leading, P; would find it profitable to deviate and be selectively compatible
with C;: the deviation would avoid the small loss [ and have no other impact on the
leader’s instant profit or on state dynamics, as C; would have no incentive to leak
information (as above, doing so would cost € and moreover dissipate the profit derived

from being the only complementor compatible with the leading technology).

B Proof of Claim 2

For a leader, investing is costly but has no effect on its expected continuation value,
as the laggard benefits from an automatic upgrade in case of successful innovation;
hence, a leader never invests in innovation.

When leveled, investing p during an infinitesimal time interval dt alters the ex-
pected continuation value by p (Vi — Vo) dt; hence, a leveled platform seeks to maxi-
mize

[p (Vig — Vio) — C (p)] dt,

where C (+) is increasing, strictly convex and satisfies C' (0) = 0. This leads to (6).
Likewise, for a laggard, investing p during an infinitesimal time interval dt alters the

expected continuation value by p (V;o — V;_) dt; this establishes (7).

C Proof of Claim 3

Consider a candidate equilibrium in which P;, say, is imitated when developing a

new technology (thus triggering an immediate return to a leveled state). Because of
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imitation, V;, = Vjo and, thus, P, does not invest when leveled: p;y = 0. Hence, the
rival, Py, is never lagging behind, and the only positive investments (if any) are those

made by P; when lagging behind, and by P, when leveled. We thus have:
rVio =m0 — pro (Vio — Vi) . (23)

If in equilibrium P, is also imitated when leading, then V;_ = Vjq. If instead, only F;

is imitated in equilibrium, we have:

e

rVie = m_ (%) o\

+ pi- (Vio — Vi),

where 7; is equal to ~ if P, is integrated, or is independent and fully compatible when

leading, and to 4 otherwise. Combining this condition with (23) yields:

2
Pi—

>0
2\ ’

(r+ pro + pi=) Vio — Vi) = mo — - () +

where the inequality stems from (4) and p?/ (2\) > 0. It follows that, regardless of
whether P, is imitated or not:

Vio > Vi_.

Suppose now that P; deviates, for an infinitesimal time interval dt, to full in-
compatibility (when independent) or selective compatibility with its subsidiary (when
integrated). As P, is imitated immediately after the end of the deviation, the resulting

continuation value is given by:
VP = [ (3) = nlldt + eV,

where n is the number of complementors who become incompatible during the devia-

tion. The equilibrium continuation value satisfies instead:

Viy = Vio = modt 4+ e 7" [ppodt Vie 4+ (1 — prodt)Vio] .
Subtracting the latter from the former condition yields:

VR = Viy > [ (3) — mo — nl + puo (Vio — Viz)]dt > 0,

where the inequality stems from (4), V;o > V;_ and the loss [ being arbitrarily small.
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D Proof of Proposition 1

Consider a candidate equilibrium in which platforms opt for full compatibility when
being a leader, implying ;4 (7) = 74 (7). Given platforms’ compatibility decisions,
complementors expect zero profit in all states. Hence, when receiving information
about a leading technology, they do not leak information, as doing so would cost ¢
and have no impact on their expected profit. It follows that imitation does not arise
in equilibrium. Combining (8) and (9) thus yields (using (13)), for i # h € Z:

2
( =+ pr + o) (Vi = Vo) = B () + 52+ pro (Vio = Vi)

or, using (11) and (12) to express Vi, — Vjp and Vjg — V;_ as a function of p;y and p;_
and simplifying:

9
1%
Tpi0 + 70 = A3+ (7) = Pr—pio + Propi-- (24)

Swapping the roles of P; and P, similarly yields:

2

P
TPho + f = A3+ () — pi—pro + piopn—. (25)

Likewise, noting that full compatibility of the leader implies m;_ (y) = 7 (),
combining (9) and (10), yields (using again (13)):

2
i Pi—
(r+ pi + pno) (Vio = Vi) = 8- () = 52+ pio (Vi = Vio) + 5
2\ 2\
or, using (11) and (12) and simplifying:
2 2
Pi— Pi
rpi+ o = AB-(7) + 5 — phopi (26)
Swapping again the roles of P; and P, yields:
2 2
i
TPh— + % = AB- () + % — PioPh— (27)

We first establish the existence of a unique symmetric solution for the equilibrium

investments. If ppo = pio = po and p,_ = p;— = p_, the above conditions boil down to:
Pt
ot 5 = A (), (28)
02 2
(r+po)p-+7 = M-()+75 (29)

Condition (28) can be alternatively expressed as (doubling both sides and adding
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r? to each of them):

(r+po)® =12+ 2X08; (7). (30)

It follows that there exists a unique solution for py, denoted by p5(r, A, 7):
Py (A7) = V208 (0) -, (31)
Likewise, doubling both sides of (29) and adding (r + po)” to each side leads to:
(7 + po) +2(r + po) p— + p2. = 2XB- (7) + (r + po)* + 92
or, using (30) and simplifying:
(r 4 po+p-)* = r* + 2784 (7) + 2A6- (7) + .

Together with the uniqueness of the solution for py, this establishes the existence of a

unique solution for p_, denoted p° (7, \,7):

P (A = 37 208 () + AN8, (7) — 2r /7 20, (71)—/77 + 2AB; (7).

Summing-up, there exists a unique pair of candidate equilibrium investments,
(05 (1, A7), p° (1, A, 7)), which are characterized by (28) and (29). To establish ex-
istence, consider a candidate equilibrium in which, along the equilibrium path: (i)
platforms opt for full compatibility and invest respectively 0, p5 = pg (r, A, ) and
p° = p® (r,)\,7) when being a leader, leveled, and a laggard, and (ii) complementors
do not leak information. We have already seen that complementors have no incentive
to deviate and leak information, and that, conditional on opting for full compatibility,
platforms have no incentive to deviate from the above investment levels. We can there-
fore focus on platforms’ compatibility decisions. The same reasoning as in the proof
of Claim 1 shows that a deviation to full or selective incompatibility cannot be prof-
itable: while it would not trigger imitation (as complementors would have no incentive
to incur the cost €, and moreover lose the profit enjoyed as selected complementor, in
case of selected compatibility), this would reduce the current flow profit to 7 (¥) (and

moreover entail a small loss [ per complementor).

We now turn to the comparative statics (Claims (7) and (4¢)). Condition (29) can

be expressed as:

Lr+pop-) = A3 (7) + 2 (32)
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where )
Lirp)=rp+5 (33)

satisfies L(r,0) = 0 and is strictly increasing in r and p in the relevant range (r, p) €
R* x Ry. As AB_ (y) > 0, it follows that p¥ (r,\,~v) > 0.

Likewise, condition (28) can alternatively be expressed as:

L(r,po) = AB4 (7). (34)

If it were the case that p_ > pg, then we would have L(r + po, p—) > L(r + po, po) =
L(r, po) + pi, leading to:

NS () Bl > B > 0

a contradiction. Therefore, we have pf (r, \,7) > p° (r,\,7), which establishes Claim
(2)-

As L (r, po) is strictly increasing in r and pg, and ASy () is strictly increasing in
A and 7, it follows from (34) that pf (r,\,7) is strictly decreasing in 7, and strictly
increasing in A and ~.

By construction, p® (r,\,y) = p_ (7’, A\, 5 (7, )\,’V)), where p_ = p_ (r,\,7, po) is
the positive solution to (32). As L (r, p) is strictly increasing in r and p in the relevant
range, and the right-hand side of (32) is strictly increasing in A and 7, p_ (7, A, v, po) is
strictly decreasing in r, and strictly increasing in A and . Furthermore, differentiating
(29) {32} with respect to p and py yields:

p—dpo + (r =+ po + p—) dp— = podpo,

leading to:
0p—
Ipo

Po — P-
r, )‘7 ) =

(r, A, po) T
which is therefore positive in the range py > p_. As p§ (r, \,7) is strictly decreasing in
r and strictly increasing in A and , it follows from these observations that p° (r, A, v),

too, is strictly decreasing in r and strictly increasing in A and ~.

E Proof of Proposition 2

From the discussion in the text, the only relevant candidate equilibria with limited
compatibility are such that both platforms opt for selective compatibility. We first
note that whether they select the same complementor or different ones is not material

for the analysis: either way, no selected complementor has an incentive to leak infor-
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mation, as this would not only cost ¢, but also erode the profit obtained from being

the only complementor compatible with the leader; hence, the choice of the selected

complementor has no impact on state dynamics, and no impact either on flow profits.

The absence of information leakages moreover implies that the characterization of

candidate equilibrium investments is similar to that presented in the proof of Lemma

1, replacing v with 4. It follows that there exists a unique candidate equilibrium, in

which, along the equilibrium path:

e platforms opt for selective compatibility and invest respectively 0, g5 = p5 (r, \,4)

and p° = p° (r, \,4) when being a leader, leveled, and a laggard; let f/,, Vo, and

V+ denote the corresponding continuation values.

e complementors do not leak information.

We now show that a leader has an incentive to deviate to full compatibility. Fol-

lowing the deviation, the laggard’s continuation value and investment, V? and p?,

satisfy: )
D
er:m4ﬂ_(2£_ﬂp(%_y@y
and
o2 = (Vo —-vP).
implying:
D 2
rVP =m_(v)+ _(p2_>\) .

The leader’s continuation value, Vf , satisfies instead:

VP =, ()= 2 (VP Th)

where, using (9), (11) and (12), evaluated at the equilibrium investments:

A52
A~ p R ~ R A~
~S\ 2 AG A
:W+@®_£ﬁ
D) )
S ~S AS
. rp Po P>
= 7T0+5+(’Y)_TO_ 0)\
o (r+0%) g
:m@pL—gi,

(38)

(39)

where the third equality stems from (28). Subtracting (39) from (37) and multiplying
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by A yields:

(r+ o) AMVE = Vo) = Alry () =7 (D] + (r+5%) 45

From (11), the equilibrium continuation value, V., satisfies instead:

AV =W) = 4§,

N

The deviation is profitable if V? >V, or A(VP — V) > ANV} — V), that is:

Ay () =7 (D] + (r +0%) 45
r+ p?

S Am () = D+ (r+0%) oy = (r+02) o

S A () - ()] > (02 - 52) g

S
Po

v

From (35), (36) and (38), following the deviation, the laggard’s investment satisfies:

D ’ D (ﬁg)z S A8 (p")?
rp” =1rA(Vo — V2) = Amo + 5 —pop> — M (y) + 5 ],
or- ( D)2 (AS)Q
pP= J% S A
rpl T = AR () + T = A
From (29), in the candidate equilibrium the laggard’s investment, p°, satisfies instead:
s (P2) oL @) s
i+ CE =g )+ B s

Combining these conditions yields:

P2 %)+ (0 58y <[ () - - (3.

It follows that:

B . ~S
@”ﬁ%%—AmigiéﬂﬁsM&wrﬂww%SAWW%WMW,

where the last inequality stems from p5 = p§ (1, A, %) < p§ (1, A, ) < 7 (from Assump-

tion A) and:
) 2 1
~ (%) 2m+y+my

By (v) — B+ (
p-(v) =5
y(m+2y+1)— 2m+vy+my)=2(y*—m) > 0.
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Hence, under Assumption A, the deviation is profitable.

F Proof of Proposition 3

Consider first a candidate equilibrium in which the independent Pg opts for compati-
bility with the integrated C. Pg is then immediately imitated, as the integrated firm
finds it profitable to incur the cost ¢ to imitate Pp’s technology (see remark 1). It then
follows from Claims 1 and 3 that, in equilibrium Pg opts for selective compatibility
with C5.

Consider now a candidate equilibrium in which P4 opts for full compatibility when
leading and is not imitated. Denoting by V5, the continuation value of C5 when Pg is
leading, V5_ its continuation value when Py is leading, and V5 when the two platforms

are leveled, we have

Voy = T —pa- (Var — Vao),
Voo = 0—pao (Voo — Vo) + ppo (Var — Vao),
T"/Q_ =0 + PB— (‘/20 - ‘/2—) )

Combining these conditions yields:

Vo — Vo = PRt >0,

(7 + pa— + ppo) (1 + pao + pB—) — paoPBo

where the inequality stems from the observation that the numerator and the denom-
inator are both positive. It follows that, for € small enough, C5 has an incentive to
deviate and leak information about P4’s technology whenever it is a leader. Hence, in
any candidate equilibrium in which P4 opts for full compatibility when leading, it is
imitated. Hence, from Claim 3, there exists no such equilibrium.

As a result, in any equilibrium, P, opts for selective compatibility with C; when
leader and Pg opts for selective compatibility with Cy whenever they are a leader.

Furthermore, from Claim 4, the continuation values are characterized by (8), (9) and
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(10), which yields:

TVA+ = T4 (’7) — PB- (VA+ - VAO) )

Vey = 71 (%) = pa- (Vr — Vao),
2

Vi = mo— Pao pa0 (Var —Vao) — peo (Vao — Va-),

2
2
rVey = mo— % + pBo (Ve+ — Vo) — pao (Vo — Ve-),
N .
rVa. = m_(§) — oy +pa- (Vao —Va-),
Ph
TVB_ = T_ (7)—2—)\_4—03_ (VBO_VB—)'

Consider now such an equilibrium. Combining (43) with (45) yields:

2
(r+ pac+ pp0) (Vao = Vi) = B (4) = 50+ pao (Vi = Vi)

0

= - (9) + max{p (Vas = Vao) = 53} +

2\
>0,

where the inequality stems from 5_(%) > 0, and, using (49):
PA— = A (VAO — VA,) > 0.

Moreover, combining (41) with (43) yields:

2

(r+ pao+ p—) Vay — Vao) = B+ (7) + Pao 4 po (Vao — Va_),

2\

where the right-hand side is positive from (51) and, using (47):

pPAo0 = A (VA+ — VA()) > 0.
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Similarly, combining (44) and (46) yields:

2 2
(r+pp—+pao) Voo —Ve-) = B-(7) — /;_B)\O + ppo (VB+ — Vo) + %
Py, Ph
= - () +max{p (Vi — Vo) — 53} + 5
> 0,
implying Vgo > Vp_, and, using (7):
PB— = A (VBO — VB_) > 0. (52)
Finally, combining (42) and (44) yields:
2
(r+ppo + pa-) (Ve — Vpo) = B+ (9) + % + pao (Veo — Vi) >0,

where the right-hand side is positive from (52) and 5. (%) > 0, and, using (48):
PBO = A (VB+ — VB(]> > 0.

We now check that there is no profitable deviation. By assumption, the integrated
platform P, is always compatible with C, and C} never leaks information about its
technology. Furthermore, if P4 were to deviate to full compatibility when leading, the
same reasoning as above can be used to show that C; would have an incentive to leak
the information about the leading technology to Pg, so as to reduce the time lag to
Pg becoming a leader. This, in turn, implies that P4 has no incentive to deviate from
selective compatibility with Cf.

Moreover, the same argument as in the proof of the Proposition 3 can be used to
show that Pp has no incentive to deviate to compatibility with C}, as he would be
imitated when leading. Similarly, the argument developed in the proof of Claim 1
rules out a deviation to full incompatibility (as doing so would not eliminate double
marginalization and generate an additional small loss /). Finally, opting for selective
compatibility with C5 ensures that Cs has no incentive to deviate and leak information

about Ppg’s technology, as doing so would eliminate C5’s only source of profit.

It follows from the above analysis that, given the equilibrium compatibility and
leakage decisions, the equilibrium investments are characterized by (17)-(20), where,
as equilibrium investments are non-negative, the factors in the right-hand sides are

positive. It follows that the solutions to this system of conditions can be characterized

as fixed points of the correspondence ¢(p) = (da0(p), da—(p), dso(p), d5_(p)), where

28



p = (pao; pa—, pBo, pp-) and:

7 AB+(7) + pa—ps ? AB+(¥) + pB—pa

(bAO (P) = +( ) P A0 07 ¢BO (P) = +( ) PBO 07
r+pB_+T Tt pa-+ 5

: AB_(5) + o A MB_(7) + 5

Pa_ (p) = —————, ¢p—(p) = ——————.
T+ ppo+ Y5 T+ pao+ 5

We now establish the existence of such a fixed point. Without loss of generality, we

can restrict attention to investments satisfying p € R = [0, R]4, where

RO +B-(n)

To see this, it suffices to note that any equilibrium investment p is such that p =
A (V — K), where V' and V are the equilibrium continuation values associated with
some states; it follows that V' cannot exceed the value of obtaining forever the maximal
profit, m, (), and V cannot be lower than the value of obtaining forever the minimal

profit, 7_ (7). Hence:

- r r
Building on this observation, we will use the following correspondence: p= ¢ (p) =

(@40 () s 04— (p) , P50 (p) , p5— (p)), where, for i € {A, B} and j € {+,0,—}:
bij (p) = min{max{q@ij (p),0}, R}.

The correspondence ¢ (-) is continuous and by, construction, such that ¢ (R) C R.
Hence, from Brouwer’s theorem, it has a fixed point. Furthermore, by construction,

every fixed point p* satisfies p* € R. Hence, we have:

ABy(Y) + pa_Pho B+ (7)

éAO (p*) = p* Z R >O7
r+pp_ + ;0 r—i—R—FE
. A 2 + *_ * )\ 2
(bBO (p*) _ B—I—(V) po*pAO > B—F(W)R > O,
r+ ph_ + “22 r+ R+ —
2 2
Piio
M-+ A8.(
n * -\
bac(p) = 2 M,
7“4—p*Bo—i—i r+ R+ —
2 2
Pio
AB_(7) + == A3
n * -\
dp-(p") = > ( )R > 0.
PPt THRES
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That is, for every i € {4, B} and j € {+,0,—}, we have ¢;; (p*) > 0, which in turn

implies
pi; = i (p*) = min{max{¢y; (p*) ,0}, R} = min{¢y; (p*) , R} > 0, (53)

where the last inequality stems from gzgij (p*),R> 0.
We thus have pj; > 0 for i € {A, B} and j € {+,0,—}. Furthermore, it follows
from (53) that p*, = min{¢o(p*), R} and p*_ = min{pa_(p*), R}, implying:

. e ABL(Y) F Pa_pl
0o S ¢A0<p ) _ +( ) A—F B0

T+ pp_+ p’240
*2
A P
Pa— S ¢A— (P ) = p* )
T+ ppo + —=
2
or:
* p* * * *
(r+pp_ + %)pAO < A3+ (7) + Pa_Ppos
E3 *2
* PA—\ « ~ P
(r+ Ppro %)pA— < )\5—(7) + %-
Combining these two conditions yields:
Pa

ABe(7) +AB-(3) = (r+ pp_) phag + (r + 5 )P = (Pho+Pa-)

or:
Do+ P < 3B J;Aﬂ—(v) < Aﬁ+(7)jﬂ—(v) _R

where the second inequality stems from f_(5) < B_(). As we have already established
that p%,, pi_ > 0, it follows that each investment lies strictly below R: p%, p%_ < R.

Similarly, it follows from (53) that p, = min{dpe(p*), R} and pl_ = min{¢p_(p*), R},
implying:

* N * )\B-‘r(ﬁ/)—i_p* —10*
Pro < PBo(p") = Bp*BOAO

2

P

AB_(y) + 70

B P’
9

N

’

r+ph_+

Pp- < ¢p_(p")
T+ P+
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or:

* p* * ~ * *
(r+pfh. + —QBO)pBo < A+(3) + Pp_Pios
* *2
(r + plo + —g JPp- < AB-(n)+ 2

Combining these two conditions yields:

*

PB—
2

AB+ () +AB-(7) = (r+ pha_) oo+ (r + =—=)pp_ =7 (Vo + PB_) »

or:

Be(§) +AB-(7) < Aﬁ+(v) + 6-(7)

r T

Ppo+ Pp_ < A = R,

where the second inequality stems from 84 (%) < B4 (7). As we have already established
that pjo, p_ > 0, it follows that each investment lies strictly below R: pj, p5_ < R.

Every fixed point p* of the correspondence ¢ (-) thus satisfies p* = ¢ (p*) € R,
implying that ¢ (p*) = qg(p*); hence, it is also a fixed point of the correspondence
¢ (+), and thus constitutes a solution to (17) -(20).

G Proof of Proposition 4
Summing (17) and (18) yields:

M)+ M3 (3) = (r + B0 + (4 55 pi.

Simplifying and rearranging leads to:

2

pao + PBo pao+ ppo | 1 (pao+ pso

L = i e
(T’2)r2+2(2)
:/\5+<7)+5+(?)_1 P40 — PBo ’

2 2 2
Bi(v) + B+ (%)
2

<\

< A8+ (v)
5)2

(Po
2

=L (r,p5),

=rpy +

where L(r, p) is defined in (33), the strict inequality stems from B, (y) < By(y) for
4 < v, and the following equality from (14). As L(r, p) increases with p, this implies

31



that
PA0 + PBo

H Proof of proposition 5

Throughout this analysis, we keep r, A and ~ constant and study the impact of a

variation of m in the neighborhood of 1. Let

_ dpio
om

8pi_

Oi0 = ~ om

and 5@'—

m=1 m=1

denote the negative of the derivatives of these investments with respect to m, evaluated
at m = 1, and define:

A = 20200

2y
om N

9B-(7)
and A, == )
m=1 (1 + 7)3

m=1 N (1 + 7)3 am

which thus satisfy:
A, =70, > A,

A first-order Taylor expansion of conditions 17 to 20 yields, using m’ = m — 1:

2

(r 4+ p-)po + % — (14 p=)daom’ — podp—m’ — podaom’ = A3 () + p—po — poda—m’ — p_dpem’,

2

(r 4+ p-)po + % — (r 4 p-)dpom’ — poda—m' — podpom’ = AB1(v) + p-po — Dy’ — podp_m' — p_da

2

2

(r 4 po)p— + '07_ —(r+po)da_m’ — p_dgom' — p_da-m' = AB_(y) + % — A,m’ — podaon?’,
2 2

(r+po)p— + = — (r+ po)op_m' — p_ds0m’ — p_Sp_m’ = AB_(7) + = — podpem’.

2 2

Using (14) and (15), rearranging and dividing by m’ leads to:

—p-040 = (r+po+p-)dp- = —podno, (54)
—p_0po — (r+po+p_)0a_ = —A, — podao, (55)
—poda- — (r+po+p-)ipo = —A,—p_da0— podp_, (56)
—podp— — (r+po+p-)oa0 = —p-dpo — poda-. (57)
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The solution of this system is then:

—A, (05 + 0> 4 2rp” +12p_ +rpop-) + D (7 + po) (r+ p-) (r+ 2po + 2p-)

- = (r+po) (r + po + p-) (r* + 2rpy — p§ + 3rp— + pop— + 2p) ’
5, o~ D (r+p-) (208 + pop— + 1o — 2) — Dmpo (7 + po) (po + p-)
(r+ po) (r + po + p—) (12 + 2rpy — p§ + 3rp— + pop— +2p%)
5.0 — A, (rp— — pg+ p2) + Ampo (r + po)
(r + po) (r2 + 2rpo + 3rp— — p3 + pop— + 2p%)’
Spy = A, (1% +2rp_ + 2por + p* 4 pop—) — Appo (1 + Po)'

(r + po)(r? + 2rpy — p§ + 3rp— + pop— + 2p2)

H.1 Impact of integration on growth

Consider first the impact of integration on the growth rate. Under integration, the

growth rate is equal to:

pa—ps—(pao + pro)
PAOPA— + PA-PB— + PBOPB-

g =log(v)

For m = 1, we have

pao(m =1) = ppo(m = 1) = p3 = po,
pa(m=1)=pg (m=1)=p>=p_,
and thus:
2pop”. 2p0p-—
I S
=lo =lo — =g".
9 =1 gmpop— + P2+ pop- ) 2p0 + p-
Furthermore, for m close to 1, we have:
o I
i =+ xw
om|, _,
where
ag" g Opa— dg" dpao
am m=1 apA— m=1 am m=1 apAO m=1 am m=1
dg" dpp_ + g’ dpBo
apB_ m=1 8m m=1 apBO m=1 am m=1
200 Jog(x) (34 + 35.) P~ 1og(1) (510 + 810)
= T —3108(7) 04— B-) = 3 10g(7) (040 BO
(2p0 + p-)° (2p0 + p-)°
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where the second equality stems from

g’ _ 9 _ 2p5log(v)
OpA- |y OpE— |y (200 + p-)?
g’ _ 9 p? log(v)
9pao |11 0pB0 |y (2p0+p-)*
and
dpa- dpp-— dpao dppo
am - A—> am - B—; am - Ag» am - B0
In addition, adding (57) and (56) yields:
A
a0+ 0po = P_>0.
T+ po
Likewise, adding (55) and (54) yields:
— p—) (040 +0po) + Ay,
(51 +05) = Lo = P=) Gao + Opo) > 0. (58)

T+ po+ p-
It follows that, for m close to 1, integration has a negative impact on the growth rate:

0g"

— < 0.
om|,

=1
H.2 TImpact of integration on investment

When m = 1, the two platforms are equally likely to be in a laggard state. It is thus
meaningful to consider the average value of the laggards’ investments. It follows from
(58) that the average investment of the laggards is reduced by integration.
In what follows, we suppose that Assumption A holds. Note first that this assump-
tion provides an upper bound for p§ and p°.
First, (14) implies
pg <.

Likewise, combining (15) and f_ < (4 provides an upper bound for p_, namely,

p— < p—(r,po), where p_ = p_ (r, po) satisfies:

(r+po+p-)° = r2+2X0. + p>+2)5,
= (r+po)*+p5+ (r+po)* =17
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where the second equality stems from (14). Solving the above equation yields:

P (r,po) =/ (r+3po) (r + po) — (r + po)

which satisfies:

dp_ (r,p0) _ /(r+3po) (r + po)
dpo ~ (r+3po) (r+ po) (2r +3p0 — \/(T + 3po) (r + p0)> > 0,

where the inequality stems from:
(2r 4 3p0)” — (7 + 3po) (r + po) = 3r% + 8rpo + 6p2 > 0.
It follows that, in the range py € [0, po], p— (7, po) is maximal for py = r, where it is

po= {(\ / Trigpio —1)(r + pﬂ)]pozr = (V8 —2)r ~ 0.828r.

Finally, we note that combining (14), (15) and AS_ > 0 yields:

equal to:

(r+po+p_) >12+2X34 4+ p2 = (r+ po)* + pi. (59)
Signing dgg The denominator of § 49 and dpq is
Do = (1 + po)(r? + 2rpo — pg + 3rp— + pop— +2p°),
where 7 + py > 0 and:
2 4 2rpy — pp 4 3rp— + pop— +2p> > po(2r — po) > 0,

where the last inequality stems from py < r. It follows that Dy > 0.

The numerator of dpg is

Ny = A, (r + 2rp_ 4 2por + p* +p0p) Appo(r + po)
> A, [r? 4+ 2rp_ + 2por + p° + pop— — po(r + po)]
= A [(r+po+p=)* = (r+p-)po — 207]
> Ap[rero + 0o — (r+p-) po — 20}
Ay [+

Po}

P

where the first inequality stems from A, = yA,, > A,, and the second one from (59).
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It follows that the numerator of dp¢ is positive whenever Cy (7, pg, p—) > 0, where:

Co (r, po, p—) = 1%+ (r — p_) po,

This is obviously the case as p_ < r.

We have thus shown that, whenever m is close enough to m = 1 ppg decreases.

Signing 0. The denominator of 44 and dp_

D = (r+p)(r+po+p) (r*+2rpy— pt+3rp_ + pop— +20°)
= (r+4po+ p-) Do.

As r+ pg+ p— > 0, it follows from the above analysis (namely, from Dy > 0) that D_
is also positive.

The numerator of dp_ is
Np_ = Ay (r+p-) (200 + pop— +7po — p°) — Ampo (1 + po) (po + p-) -
As A, < A,, it satisfies:
Np— > A, [(r+p-) (205 + pop— +1po — p2) = po (r + po) (po + p-)] -
It follows that Np_ is positive whenever Cg_ (7, po, p—) > 0, where:
Cp (r,p0, p-) = (r+ p-) (205 + pop— +1po — p2) = po (r + po) (po + p-) -

Since under Assumption A pg < r, we then have:

Cp—(r,po,p-) = (r+p-) (05 + pop— +7p0) = po (r+ po) (po + p-)
= (r* = pg)po + pop—(p— +7)

(r* = p5) po

0

Y

AVARRAY)

where the first inequality stems from py > p_, the second one from pyp_ > 0, and the
last one from py < r.
As a result, dg_ > 0.
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Online Appendix

A Product market competition

A.1 Competition among complementors

Fix the quantities (g4, gg) set by the two platforms and the effective qualities (Y41, ¥ a2,
AB1,7p2) offered by the four systems, and consider complementors’ competition in
platform-specific prices. Recall that, for each platform, the auctioneer allocates con-
sumers only to those systems that offe the best value on that platform. For simplicity,
we will further assume that the auctioneer must allocate all of the platform’s quantity
to a single complementor.

Fix i € I and consider the competition between the complementors on P;. If P;
is compatible with both complementors, the systems P, — C; and P, — C5 deliver
the same effective quality (namely, ;1 = 91 = ;) and maximizing consumer value
reduces to minimizing their expense. The standard Bertrand reasoning then applies,?
and competition thus drives complementors’ prices down to cost, that is, to zero:
pi1 = piz = 0. It follows that, regardless of how the quantity is allocated among the
two complementors, they both obtain zero profit and consumers obtain a net utility

equal to:

log (vi¢i + nqn) — Pran,

where 4,q, and pyqp; denote the aggregate consumption and expense associated with
the best system available on P;’s rival.

Similarly, if P; is incompatible with both complementors, which requires P; to be
independent (as by assumption an integrated platform is always compatible with its
own complementor), then the systems P, — C} and P; — Cy again deliver the same
degraded effective quality (namely, ;1 = 4;1 = 4;) and competition thus still drives
complementors’ prices down to zero. Complementors thus still obtain zero profit and

consumers’ net utility is now equal to:

log (%iqi + Anqn) — Dnan-

IThis assumption is only relevant when a leading platform is selectively compatible with a single
complementor, in which case it yields a Bertrand-like competition between systems. See below the
remark on divisible allocations for a discussion of how to adjust the analysis when the auctioneer can
share the platform’s quantity between the two complementors.

2In particular, even an integrated complementor has an incentive to undercut its rival as long as
the margin is positive: this enables the integrated firm to obtain an additional profit through its
complementor and moreover enhance the value offered by the integrated platform, thereby increasing
its market price.



Consider now the case where P; is independent and compatible with a single com-
plementor, say C;. As non-leading technologies are by assumption public, this requires
P; to be a technology leader, implying that its rival is a laggard and is therefore com-
patible with both complementors; hence, 75, = 7, and p, = 0. Selecting C; therefore

gives consumers a net utility equal to

log (viqi + Yhqn) — PijGi

whereas selecting its rival, C, gives a net utility equal to

log (%i¢: + Yhqn) — P

Bertrand-like competition then ensures that C; wins the competition. As usual, we
focus on the trembling-hand perfect equilibrium in which the weaker complementor
prices at cost: p; = 0; C; then charges a positive price that absorbs the additional
value that it offers, that is:

log (7iqi + ngqn) — log (Yiqi + Yngn)

Pij = Di (G, Qns Yir V) = ” .

C; thus obtains a profit equal to

i =iy Qn; Yis V) =Di(@s @0 Vi Vo) G = 10g(Viqi +ynan) —1log(Yidi+vnan), (A1)

whereas C] obtains zero profit and consumers obtain a net utility equal to:

log (%:¢i + Ynan) -

Finally, suppose that P; is integrated and only compatible with its own comple-
mentor, say C;. This requires again P; to be a technology leader, implying 7, = 75 and
prn = 0. As before, the complementors are willing to undercut each other as long as
the margins are positive. Hence, in equilibrium the independent complementor prices
at cost and the integrated one wins the competition, thanks to its comparative advan-
tage. But now, the integrated complementor is also willing to reduce its price down to
cost. To see this, suppose instead that it charges a price p;; = p that is positive but

low enough to win the competition. Consumers then obtain

log (Vg + Ynan) — P4,



leading to market price for P; equal to:

[

pi = = -
Yiqi + Ynqn

The integrated firm’s profit is therefore:

~ ~ Yiqi
Tp, +To; = Pq;, + pg; = m =P (Qz‘,qj';%,’)’h) 4,

regardless of the price p charged by Cj. For the sake of exposition, we adopt the
convention that C; prices above cost: p;; = 0.

Applying the same reasoning to P,;’s rival and summarizing, we can conclude that:

e a complementor obtains zero profit unless it is the only complementor compatible
with an independent technology leader, in which case it charges a positive price

absorbing its comparative advantage;

e consumers obtain a net utility equal to

V' (qa,4B;%4,78) = log (Yaqa + ¥B4B) »

where

Yi =

N { v; if P; is either fully compatible or integrated,

4; otherwise,

denotes P;’s effective quality, as perceived by consumers.
It follows that P;’s market price is given by:

OV (qa,4B;74,7B) _ Yi
dq; Yiqi + Ynan

i = P (G, qn: %, W) =

Remark: divisible allocations. We have assumed that the auctioneer must al-
locate all of the platform’s quantity to a single complementor. When the comple-
mentors offer the same quality (i.e., they are both compatible, or both incompatible,
with a given platform), this assumption is innocuous, Bertrand competition drives
prices down to cost anyway. Hence, regardless of the actual allocation, both comple-
mentors obtain zero profit, and consumers obtain the full benefit from the platform’s
quality. When, instead, a leading platform is selectively compatible with a single com-
plementor, then the Assumption yields a Bertrand-like competition between systems.
Suppose now that the auctioneer can share consumers between the two complemen-
tors, and consider the case where an independent leader, say P;, is compatible with

a single complementor, say C; (the case of an integrated leader is similar). Given the

3



prices p;; and p; charged by C; and its rival Cj, allocating ¢;; € [0, ¢;] of P;’s ¢; units
to C; and ¢ = ¢; — g;; to its rival gives consumers a net utility (with g, and pgy, de-
noting again the aggregate consumption and expense associated with the best system

available on P;’s rival):
v (Gij; pig, Pat) = 10g (viqij + Vi (@5 — i) + Vnan) — (Pij@ij + Pa (@ — 4i5)) — Pl
which is concave in ¢;;; indeed, we have:

ov (%’j;pz‘japil) _ Yi — i B (p'- —p'z)
94 (vi — i) @ij + Yiti + Vnan ! ’

where the right-hand side is decreasing in g;;. It follows that, if the complementors
were to charge p;; = Di (¢, qn; Vi, ) and py = 0, as above, the auctioneer would be
indifferent between ¢;; = 0 and ¢;; = ¢; (as the price p;; = p; (¢, gn; Vi, Yn) is designed
so that v (gi;pi;, 0) = v (0;p;;,0)), but would strictly prefer an interior solution (as
v (¢ij;pij, 0) is concave in ¢;;). It can be checked, however, that C; would then have
an incentive to “corner” the market (i.e., attract all ¢; units) by further reducing its
price. To see this, note that, given p;, the quantity g;; allocated to Cj, g;;, is such

that:
ov (%’; pijvpil)

=0,
aqz'j
which amounts to:
Do — = Y — Y _ 1
O (= A @iy s+ g g+ %7

or:

pij =P (Qjipi) Epu+ ——=
i+

Hence, C}’s best-response, which maximizes p;;q;; = p(%’j; pit) g;; in the range q;; €
[07 %]7 solves
max < pugi; + N R
4i;€[0,4:] e ¢j + %(’]Yi;?;qh ’
where the maximand is increasing in ¢;;. It follows that C; has always an incentive to

undercut its rival and attract all ¢; units. Hence, in equilibrium, p; = 0 and

Yi — Vi

Pij =P\qi;Pu) = ———————-
! ( ) Yi%i + Yrqn



Consumers thus obtains a net utility equal to:

- (vi—%a
v (qi;p (g3 pat) ,0) = log (iqs + nqn) — ————— — Dndn-
Viqi + Ynqn
This net utility is of the form log (%;¢; + Fnqn) — Prqn, where ¥; corresponds to the
“effective” quality offered by P;; this effective quality is lower than ~;, all the more so
as m increases (i.e., 4; decreases). It now however depends as well on the quality and

quantity offered by P;’s rival.

A.2 Competition among platforms

P;’s profit is equal to

o . Vidi
I (i, 453 %, %5) = [P (a0, an3 Yo ) — ¢l @i = EoE i
1417
which satisfies: o
ol e o
a_ (QM Qh77i7’7h) = - = 2 6
4 (%i% + Vnan)

which is strictly decreasing in g;. It follows that this profit is concave in ¢;, implying P;’s
best-response is characterized by the first-order condition 91l (g;, qn; ¥i, Y1) /0¢; = 0.
Solving for these conditions yields the equilibrium quantities:

YAVB
¢(7a +75)°

44 = qp = q(74,78) ;
which are symmetric, regardless of platforms’” qualities. The resulting prices are profits
are:

.

7T7,:7T<5/7,75/h)5[P(q27Qh75/7,7’?h)_C]qZ| —a=q(A4.78) — [~ g - o%i '
44=q=9(7A,7B) (%4_%,)2 (14_%)2

It directly follows from the last expression that a platform’s profit is increasing in its

own quality and decreasing in the quality of its rival.
Building on these observations leads to:

e In a leveled state in which both platforms have the same quality +*, both tech-
nologies are public; hence, both complementors are compatible with both tech-
nologies, implying 74 = 45 = ~* and:

2
0 1

TA=Tpg=——"—>% = — =T.
B



Furthermore, both complementors obtain zero profit.

e In an uneven state in which P;, say, leads with quality v*!, implying that its
rival P, has quality ~*, the laggard’s technology is public, implying 7, = 7*; in
addition:

— If P, is either integrated or compatible with both complementors, then

A; = v**1 and the two platforms respectively obtain:

o (7k+1)2 B ,YQ _
R S N O A <0
1

™ —7_(3).

(P 957 (14
Furthermore, both complementors again obtain zero profit.

— If, instead, P; is independent and either incompatible with both comple-
mentors or selectively compatible with a single one, then 4; = 4y* and the

two platforms respectively obtain:

N 2 ~
A G R G
Z (v +45)? (A +1)° ’
k 2
Y 1 .
o= O —_

(9% (1 +4)°
Furthermore:

x If P; is incompatible with both complementors, the complementors ob-
tain again zero profit.

x If, instead, P; is selectively compatible with a single complementor, say
C;, then the other complementor still obtains zero profit, but C; can

charge a price capturing its comparative advantage and obtain a profit

given by (A.1), that is (using ¢; = g = ¢ (35, 9n) = q (’Ay’yk,fyk)):

m; = (g (3", 9%), a3 %) s AR

= log((v* " +9")a(37*, ")) —log (47" +7*)a (37", 7))

1 v+1
S\551)




We have:

1
7T+<1) = :leﬂoandﬂ,(l): :Z—L:ﬂ'o,

m(2) - B _ —7 ().

gl (% " 1>2 (1+7)
! = 2 and 7’ _ ¢
' (y) = Gi1p >0 and 7’ (v) G1p < 0.

It then follows from v > 4 > 1 that:

2>
vV
X
2

T (7) > 7 (§) =2 mo = 7 (

Finally, let
By (v) =74 (y) —m and G- () = mo — m_ (7)
denote the innovation benefits respectively associated with switching from leveled to

leader, and from laggard to leveled. It follows from the above that 5, (1) = 5_ (1) =0
and, for v > 1:

B_(y) = mo—m_(y)>0,
Bye(v)=B-(v) = mp(y) +7(y) —2m >0,

where the last inequality stems from 5, (1) = 5_ (1) and, for v > 1:

2(y—1)

W Y
(y+1)°

T (V) 7l () =

Hence:

B+ () > B-(7) > 0.

B Investments under separation and full compati-
bility

We show here that, under separation and conditional on both platforms opting for full
compatibility, equilibrium investments are symmetric across platforms. It follows from

the analysis presented in the main text that these investments are also unique.



The equilibrium conditions (24) and (25) can be expressed as:

g
rpio+ o = Ay () + A,

2
,0%0
Tﬂho—i‘T = A3 (v) — A,
where
A = propi— — PioPr— (B.2)

From Corollary 1), investments are positive; it follows that the relevant range for A

lies in (=AB+ (7), AB+ (7))

Doubling both sides of the above equilibrium conditions, adding r? to each side

and using (30) yields:

(r+p¢o)2 = (r+p§)2—i—2A,
(r2+phg)2 = (r+p§)2—2A.

Letting

dok = Pk — Pf

denote the departures from the symmetric solution, for ¢ € Z and k € {0, —} (dropping

the arguments r, \, v for ease of exposition), the above conditions amount to:

(r+pg+5i0)2 = (r+p§)2+2A,
(r+p5+00)" = (r+p§)" =24,

leading to:

dig = 50(A)E\/(7“—|—p05)2+2A—(r+pg),
o = do(—A).

Likewise, the conditions (26) and (27) amount to:

o2 o2
(r+ o) pie + == = AB-(7) + 70

2 2
(1 + pio) pr— + phf = AN_(7)+ %-

Doubling all terms and adding (r 4 pno)” (resp., (1 + pi)?) to each side of the first



(resp., second) equation yields:

(7“ + pno + ,01'7)2 = (7” + ph0)2 + 2A6- (’Y) + /01207
(T + pio + ph—>2 = (7“ + Pio)Q +2X3- (’Y) + PiO,

or, using the §’s and (15):

[r 405+ 0% +60 (=A)+ 61" = [r+p5 400 (=A)]"+208_ (7) + [p§ + 60 (A)]
(r+p5)" +2 (r + p5) 0o (—A) + [0 (= D) + 203- (7) + (p5)” -
= (r+p5)" +208- (1) + (65)" + 205 [50 (&) + 8o (=A)] + 30 (A)]
(r + 65 + p)° + 208 [80 (A) + 80 (—A)] + [60 (A)]” + 6 (—A)]-
[+ 05 + 80 (A)])* +228- (7) + 6§ + 8o (=)
(

r 0§ +02)" + 208 [d0 (B) + 80 (= A)] + 30 (A)] + 80 (~A)]

[r+ 05 + 95 + 60 (&) +0,-]" =

which leads to:

Gio = 6_(A)= % (r =+ 0§ + p2)" + 205 [60 (A) + 0o (—A)] + [J0 (A)] + [0 (—A)] + 2rdp (—A) — [
e = 0_(—A).
From the definition of A, given by (B.2), in equilibrium we must have 1 (A) = 0,
where:
V(D) = (o5 +00(=A)) (07 +0-(A)) = (o5 + 00 (A)) (p7 +0-(-4)) = A
= pp” +00 (=) p% + o (A) + 00 (—A) 0_ (A) = pjp” — 0 (A) p” = pgo- (=A) = 6 (D)

= 5 [0- (D) = 6- (=2)] + p [0 (=) = do (A)] + 6o (—A) 6- (A) = & (A)6- (—A) = A

It is straightforward to check that v (0) = 0(=dy(0) = d_(0)); it remains to be
checked that ¢ (-) does not have any other root.
To proceed further, it may be useful to adjust the variables of interest. Without

loss of generality, suppose that ¢ is the platform investing (weakly) more when leveled
(i.e., A > 0), and define

2A R
a —52(
(7”+P0>

and, for £ € Z and k € {0, —}:



It folllows from the previous observations that the relevant range for « lies in [0, 1) (as

A > 0 implies a > 0, and ppo > 0 requires 2A < (r + pg)Q, implying o < 1). We have:

50(04)2 % (i(a)) _ \/(7’+p03)2+a(Tr—‘f—p€)2— (T—i—ﬂg) _ <\/1+—Oé—1> (1+p),
and
o_(a) = M

\/(7“ 05+ p2)" 4 205 (00 () + 8o (—=A)] + [0 (D) + [J0 (=A))° + 2rde (=A) = [r + p§

r

~ ~

_ \/(1+p+q>2+2p{So(a)wo(—a)}+[50(a>}2+[50(—a)]2+250(—a>—[1+p+q+

_ \/(1+p+q)2+2p[(\/1+—04—1>+(ﬂ—1)](1+p)+{(\/1—1-—04—1)2+(\/1_—(
—[T+p+q+(Vi—a-1)(1+p)]

= \/(1—{—p—|—q)2—1—2p[\/l—l—a—{—\/l—a—Q} (1+p)—|—[4—2\/1+—a—2\/E}(1+p)2—
—[1+p+q+Vi—a(l+p) —(1+p)]

= \/(1+p+Q)2+2{p\/1+—a+p\/E—2p+2(1+p)—(1+p)\/1+—04—(1+p)\/1_—
—[¢+vVI—a(l+p)]

- \/1+p+q>2—2(¢1+—a—1)(1+p)—[q+m(1+p>]

Note: in the last expression, the first term is indeed higher than the second one;

comparing the squares of these terms yields:

(1+p+q)2—2(\/1+—04—1)(1+p)—(q+\/m(1+p))2
= (1+p)2+2(1+p)q4rq2—2<\/1+—a—1)(1+p)—q2—2(m(1+p))q—(M(H
= a(1+p)2+2(1+p)q—2(\/H—a—1>(1+p)—2qM(1+p)
= a(+p’+2(1-Vita)(1+q) (1+p).

10



We thus have:

= (ViFa-1)(+p),
_ \/(1+p—|—q)2—2(\/1+—a—1) (1+p) - [g+VI—a(l+p)].

Using these adjusted variables, we have (using A (@) /12 = o (1 +p)® /2):

IN

p[i(a

p+50
p+50

p—|—50

1

) -
(=
(=
(=

0
(I+p+q)0q

oz)A

oz)A

@)

[VI—a(l+p)—1] {\/(1+p+q)2—2(\/1+a—1) (1+p)—\/1—a(1+p)}
- [VI+a(l+p) —1] {\/(1+p+q)2—2(m—1) (1+p)—\/1+—a(1+p)}

—2(1+p)°

WVI—a(l+p)—1] \/(1+p+q)2—2(\/1+—0z—1) (1+7p)
~VIta(+p) -1/ +p+9)’ -2(VT—a—-1)(1+p)

+3a(1l+p)’ - (VIita—-vI—a)(l+p)

((mmp)—l) \/<1+p+q>2—2(¢1+—a—1) (1+p) - (VIFall+
(VIi—a(l+p)—1)

(Vi+a(l+p) —1)

Vatp+o?—2(VITa-1)(1+p) JQ+p+e’-2(vVT-a-1)(1+p)
Vi-—a(l+p) VIita(ltp)

\/(1+p+q)2—2(\/1+a—1) (1+p) \/(1+p—|—q)2—2(\/1—a—1) (1+p)

+

1 1

VWtp+a —2(vVI—a-1)(1+p) JA+p+ae?-2(vVITa-1)(1+p)
Vi—a(l+p) B Vita(ltp)

\/(1+p+q)2—2(\/1+oz—1) (1+p) \/(1+p+q)2—2(\/1—a—1) (1+p)

0

11



where the first inequality follows from:

1 1
_ <0
Ja+pra?—2(VT=a-1)(1+p) J(0+p+a’-2(VITa—1)(1+p)
1 1
— <

J@tp+a?—2(VI—a-1)(1+p) JA+p+a®-2(VIta—1)(1+p)
= <1+p+61)2—2<\/1+—&—1>(1+p)§(1+P+Q)2—2(m_1)(1+10)
— —2(\/1+—0¢—1>(1—|—p)S—Z(M—l)(1+p)
— (ﬂ—l)g(\/H—a—1><:>\/1—a§\/1+a<:>1—a§1+04<:>0§2a,

and the second one from:

VI—a(l+p) _ Vi+a(l+p)
JWtp+a®—2(VITa-1)(1+p) JU+p+e?—2(VI—a—1)(1+p)
-« 1+«

1+p+q’—2(VT+a—1)(1+p) = (1+p+q)’—2(WT—a—1)(1+p)
1-a)(1+p+g*—2(VI—a—1)(1+p) <(1+a) ((1—|—p+q)2—2<\/1+a—1> (1-

2(1+0) (Vita-1)(1+p)—2(1-a) (VI—a-1)(1+p) < (1+a) (1 +p+a) — (1-

2[(1+0) (ViFa-1)=(1-a)(VI—a-1)]|(1+p) <[(1+a) = (1-a) (1 +p+0q)’
:(1—|—oz)\/1+—a—(1+a)—(1—oz)m—l—(l—a)} (1+p) <2a(l+p+q)°

2 :(1+a)\/1+—a—(1—a)\/E—2a] (1+p) <2a(l+p+q)

[(1+a)\/1+—a—(1—a)M—2a] 1+p) <a(l+p+q)?

(1+a)VTFa-(1-a)VT—a-2 _(1+p+q)

« (1+p)

2

rtrrroruetl

)

where, in the last line, the right-hand side strictly exceeds 1 (as p,q > 0) whereas the
left-hand side lies weaky below 1, as shown by the following figure:

It follows z@() is strictly decreasing in q. We will therefore seek to identify a
relevant lower bound for q.

From the definition of p:

“*pf:1+%9ﬂ“”:1+“(@17y—i)’ (B.3)

where

=
1
T 2

—_

2



Therefore, fixing p amounts to fix u = i (p,~y), where:

p(p+2)
21
(1?4

i (p,7)

is the solution in p to (B.3). From the definition of ¢:

2\ 2\
(L+p+a)® = 1+-56 () + 56 (1) +9",

- Lﬂﬂnw<01:f—i)+u(i—uj&y>+ﬁ

N 71 2
— 1+ , —+
/upw7+1 p

v—1

= [1+p——+p°
{ S p}

p(p+2)
2 1
(+1? 1

(Tp* +8p +3)v + (5p® + 8p + 1)
37y +1

n=

)

where the last expression is decreasing in 7:

a ((7p2+8p+3)7+(5p2+8p+1)> _ 8p(p+2) “0
Oy 3y+1 (3y+ 1)

It follows that a lower bound for (14 p 4 ¢)” is:

lim

Y—>00

(Tp* +8p+3)y+ (5p* +8p+1)\  7p*+8p+3
3y+1 N 3 '

Plugging-in this lower bound into the expression of ¢ (+) yields:

A [VI—a(l+p)—1] /88 9 (yTTa—1)(1+p)

@ <V(@p) = | ~[VITa(l+p) 1]/ 2 (VT—a—1)(1+p)
+3al+p)’ - (VIta—-vI—a)(l+p)

Numerical simulations suggest that ¥ («; p) is negative in the relevant range o € (0, 1):

Furthermore, as p — oo, we have:

W (ap) ~ ¥ ()" = lim (m\/g—m\/;g@) "

p—ro0

where

@(a)zm\/g—\/l—i——oz\/;+;a
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is negative.
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