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1 Introduction

Examples of digital platforms that tie or closely integrate additional platform services to their
core service abound. For example, Google at some point decided to display its Comparison
Shopping Services (CSS) — previously known as “Froogle” — in a systematically prominent
way on its Search Engine Results Pages (SERP), thereby making it more visible to users
than rival CSS.1 Microsoft has a long history of tying its products together, more recently
by bundling Teams with Office 365, whose users will no doubt find it more convenient to
rely on Teams instead of competing video-conferencing services such as Zoom or Webex, or
collaboration apps such as Slack. Meta tied its classified service Facebook Marketplace with
its platform, thereby offering all its social network users prominent access to Marketplace,
via jewel notifications, unit showcases and default settings, to which its rival classified ser-
vices, like Vinted, have no access. In 2023, Meta also rolled out its AI assistant, making
it increasingly integrated and visible in WhatsApp Messenger. Other AI assistants are also
available in WhatsApp, but only as a standard chatbot.

In all such cases, that might be referred to not only as tying,2 but also as “self-preferencing”
or “platform envelopment”, there generally is an immediate beneficial effect for the primary
platform users, whose switching, search, or inconvenience costs for accessing another service
offered by the same platform would be reduced. However, these practices have also attracted
the attention of Antitrust Authorities (AAs), because they might represent an abuse of a
dominant position, by depriving rivals of scale and profits and thus allowing to leverage mar-
ket power from a core platform service to other markets, and ultimately reducing competition,
innovation, and long-run consumer welfare.3

Our purpose is to study the possible effects on firms’ profitability and on consumers of
tying practices that directly benefit users of the services of the integrated dominant platform
by reducing their costs, but may result in indirect effects in other dimensions (such as changes

1Likewise, it later integrated many other services (e.g., flights, restaurants, maps, news, and now AI
overviews) on its SERP.

2Legally, one of the conditions for tying is that the tying product (e.g., Google Search, Office 365, Face-
book, WhatsApp) is available to users only with the tied product (Google Shopping, Teams, Facebook
Marketplace, Meta AI). This is the case in all examples mentioned above.

3The European Commission (EC)’s Google Shopping abuse of dominance infringement decision was ulti-
mately upheld by the General Court of the European Union of 10 November 2021. The EC also investi-
gated Microsoft’s tying of Teams, and on 12 September 2025, it accepted commitments from Microsoft to
unbundle Teams from Office 365 to close the case. The EC also fined Meta nearly 800 million euros for
abusive tying practices in the Facebook Marketplace case, see Commission Decision of 14 November 2024.
Finally, on 30 July 2025, the Italian AA announced it has opened an investigation into Meta’s bundling
of its AI assistant with its WhatsApp services.
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in firms’ investment decisions, which might also affect users who use a direct channel rather
than the primary platform).

Our reduced-form model involves two platform service markets: a primary market A,
where Firm 1 has a monopolistic platform A1 (think of a social network or search engine),
and another market B, where Firms 1 and 2 — that in turn host sellers of some sort —
compete (think of them as marketplaces, or price comparison websites).4 Firm 1’s services in
market B, denoted as B1, are only accessible to consumers who are also active on platform
A1, whereas Firm 2’s services in market B, denoted as B2, can be accessed both by consumers
via a direct channel (think of them as using the independent firm 2’s app or website, as was
the case for Online Classified Ads Services or Comparison Shopping Services), and via the
mediated channel, that is, by consumers who access B1 and B2’s platform services, and see
them as rival offerings, while using A1’s primary platform.5 We assume that consumers pay
no monetary price on either channel (as is the case for social networks and search engines),6

but a specialised service platform such as B2 might have to pay an access price (advertising,
or an access fee) to the primary platform.

We assume the access price, a, is exogenously given. This reflects situations in which the
pricing of a primary platform — whether advertising or access fee — is not targeted to one
particular service but is largely undifferentiated across the different services hosted.7 In other
words, monetization in market B occurs solely on the seller side, while in market A it may
also take place by charging the independent rival platform B2.

Consumers on the primary platform in market A face an inconvenience cost when accessing
either specialised platform in market B. However, tying may reduce the inconvenience cost for
those accessing B1’s specialised platform; this may occur through increased visibility and/or
better integration of firm 1’s specialised platform within the primary one. For instance,
Google first made more prominent its comparison shopping platform, Google Shopping, by
making it more visible, and then integrated pictures of products directly in its SERP, so that

4Among the abovementioned cases, we believe that our model offers a good stylised description of Google
Shopping and Facebook Marketplace.

5The assumption that the direct channel is available only for the independent specialised platform captures
situations where most if not all of the integrated platform’s specialised services are accessed via the
primary platform. For instance, Facebook Marketplace and Google Shopping are typically not accessed
out of the correspondent core service platform.

6Consumers will have to pay if they eventually buy from sellers hosted on B1 and B2, but such transactions
are immaterial for what we do.

7Note that in the Google Shopping case, a = 0: Google was not charging CSS for being listed as organic
links. In Facebook Marketplace, OCAS such as Vinted would have to pay to get visibility, but doing so
they will have to compete in auctions with advertisers active in other sectors; hence the access fee is not
specifically targeted by Facebook to the OCAS.
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consumers could more quickly click on merchants’ links. This arguably reduced consumers’
search costs for Google’s relatively to rival CSSs. Facebook Marketplace is embedded within
the social networking Facebook app, can send notifications, and is always visible to users,
who can access it easily. In contrast, they might have difficulties finding a rival like Vinted
— which must pay Facebook to display ads in order to gain some visibility.

Whereas in this context tying likely has short-run pro-competitive effects, such as improved
integration, one-stop shopping benefits, and reduced inconvenience or search costs, we are
also interested in exploring possible long-run effects. To this end, we consider a game where
the specialised platforms B1 and B2 can invest to raise the quality of their services — for
instance, by improving functionalities, providing users with better matches in their searches,
or more efficient communication tools.

By reducing inconvenience costs for users of the tied service B1, tying raises B1’s demand
and profitability at the expenses of the rival firm, B2. As a consequence, the integrated
platform B1 raises its equilibrium investment and the rival reduces it. Tying will therefore
affect consumers in the mediated channel, that is, those who are on the primary platform A1,
but it also exerts a negative externality on consumers on the direct channel, that is, those
who have direct access to the specialised independent platform B2. Intuitively, if the latter
market has enough weight, then tying can have a negative impact on total surplus. Indeed,
analysing a specific functional form application (which is encompassed in our reduced-form
model and can be seen as a micro-foundation of it), we demonstrate that tying can harm
consumer and total surplus under certain conditions: notably, when the weight of the direct
channel is high enough and when specialised platforms’ services are close enough substitutes:
if they were highly differentiated, then tying would have little impact on the competing firm
B2, and the positive effect of lower incovenience costs for consumers would prevail.

In some cases, dominant platforms leverage their market power in other markets by putting
rivals at a disadvantage. This was the case, for instance, in the Google Shopping case, where
Google engaged in the demotion of rival CSS, by artificially ranking them much lower on
Search Engine Results Pages and hence by making their organic links difficult to see for
users. In an extension, we use our model to look at such a practice, which would consist in
increasing users’ inconvenience costs for rival services (rather than reducing the inconvenience
costs of own services, as in tying). We show that in this case harm to consumers in both
markets is more likely than in the case of tying: under our maintained assumptions, we find
a sufficient condition for the positive (indirect) effect due to increased investment by the
integrated platform to be dwarfed by the negative direct effect of higher costs for users of
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the rival platform and by the negative indirect effect due to its lower investments in quality.

So far, we have discussed the effects of tying by taking for granted that such a strategy
is optimal. We have also verified that tying indeed occurs at equilibrium unless the access
price the primary platform sets is sufficiently high. (The same also applies for the case of
demotion.) Intuitively, if revenue from the rival platform is an important enough source of
profits, the platform might have lower profits by reducing the rival’s demand to the benefit of
its own services. This result should not come as a surprise: we have known since the Chicago
School that tying is more likely to be profitable when rent extraction is imperfect.

Related Literature

Our paper is related to the vast literature on tying. Following Fumagalli, Motta and Calcagno
(2018), one can identify three main groups of anti-competitive models of tying. In the first
one, the main motive is imperfect rent extraction: unlike in the standard Chicago School
model, there exists some reason why a dominant incumbent is not able to extract enough
profits from a good or service sold by an independent firm, and by bundling and selling its
own (inferior) version of that good or service, it might make more profits.8 In a second
group (see Whinston, 1990), tying commits the integrated firm to compete more aggressively
in the market where it faces competition, in order not to lose the profits it earns from the
monopolised product. Fiercer competition reduces the profits the rival firm can expect to
make, and thus discourages its entry.9 Note that if entry had taken place, tying would not be
profitable, precisely because it results in more intense competition. Therefore, the integrated
firm needs to be able to credibly pre-commit to it. In the third group, tying is resorted to
in order to defend a monopolistic position. In the short-run, the integrated firm’s position is
not threatened and perfect rent extraction is possible. But in the long-run entry is possible
(in both markets, in Choi and Stefanadis (2001); in the market for a complementary product,
in Carlton and Waldman (2002)) and tying reduces the chance of such entry.

8For instance, in Carlton and Waldman (2012) the good or service at issue does not exist yet and contingent
contracts cannot be written; in Choi and Jeon (2021) perfect extraction would require negative prices,
whereas price are assumed to be non-negative; in de Cornière and Taylor (2024) there exists downstream
competition in the complementary good or service market, and the input monopolist sets prices via
secret bilateral contracts; in Jeon, Choi and Whinston (2025), consumers in the dominant platform are
heterogeneous and some are left with surplus. Tying allows to leverage the unexploited surplus of such
buyers by converting them a ‘quasi-installed base’ in the tied market, which is characterised by network
externalities.

9In Choi (2004), the monopolist uses tying to commit to higher R&D expenditure in the tied-good market.
This raises its share of future profits in the tied market while reducing rivals’ incentives to innovate.
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Our paper is probably closer to the first strand of literature, with which it shares the
feature that rent extraction is imperfect: tying is profitable insofar as the access price (which
is exogenously given in our case) is low enough. With the third strand, and particularly
with Carlton and Waldman (2002), the commonality might reside in the fact that tying (or
demotion) leads to (partial or total) foreclosure by depriving the rival of sales and profits
— but the difference is that in our case this strategy is immediately profitable. This also
differentiates our paper from the second strand, because there is no need for a credible
commitment: tying is profitable whether or not it achieves exclusion.10

It is also worth noting the different source for the anti-competitive effects. In our setting,
tying does not have direct negative effects for consumers; rather, it generates efficiencies
(better integration, reduction in search costs). However, since it induces an indirect change
in the investment level of the specialised platforms, it affects consumers in the mediated
channel (that is, those who have access to B2 through the dominant platform) and it can
exercise a negative externality on consumers who have direct access to the rival platform,
and through this mechanism it might then reduce overall consumer surplus and be socially
undesirable.11

Our paper can also be seen as dealing with self-preferencing, since the practices we study
— whereby the integrated firm favours own services to the detriment of a rival specialised
platform — can be interpreted as such.12 There exists by now a vast literature on this topic,
as well as on the related one of steering — consisting of a hybrid platform favoring own
products and services through a biased recommendation. This includes both theoretical and
empirical papers.13

The paper continues as follows. In Section 2, we present our reduced-form model. In
Section 3 we provide our main analysis, and identify the effects of tying on firms’ investments,
quantities and profits. In Section 4, we present a microfoundation of the model, and study
the effects of tying on aggregate consumer surplus and welfare. In Section 5 we study the

10However, our results somehow echo Choi (2004): in both papers, tying shifts rents and raises the monop-
olist’s share of profits in the tied market while reducing rivals’ incentives to innovate.

11In a similar vein, de Cornière, Jerath and Taylor (2025) shows that bundling can also have anti-competitive
effects without necessarily excluding rivals. Tying has the effect of differentiating offerings, and it might
lead to consumer harm. Such price effects are absent in our paper, because consumers pay no monetary
prices and access prices are exogenously given.

12The first case where the term self-preferencing was used is the abovementioned Google Shopping, where
Google engaged in both tying and demotion of rival CSS links.

13In the former group, see e.g., de Cornière and Taylor (2019); Motta (2023); Padilla, Perkins and Piccolo
(2022). In the latter, see e.g., Farronato, Fradkin and MacKay (2023); Waldfogel (2024); Chen and Tsai
(2024).
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effects of the integrated firm’s demotion of the rival, and compare them with those arising
under tying. In Section 6 we present some summarising and concluding remarks.

2 Reduced-form model

We build a simple (reduced form) framework to analyze on-platform tying and its effects on
platform’s investments, consumer surplus and platform’s profits.

Consider two platform markets, A and B. Market A (e.g., a social network, search engine,
or messaging app) is served monopolistically by firm 1; we indicate firm 1’s platform in
market A as A1 and we refer to it as the primary platform. Firm 1 is also active on market
B, where it competes with firm 2. Let B1 (resp. B2) be the platform managed by firm 1
(resp. 2) on market B. We refer to platforms B1 and B2 as specialised platforms (e.g., online
marketplaces, price comparison websites, or map services). They connect sellers to users.

Access to the specialised platform B1 is possible only to users on the primary platform A1.
Conversely, access to the specialised platform B2 can occur either through a direct channel,
i.e., by users who are not on the primary platform A1, or indirectly, via the mediated channel,
i.e., by the users who are on the primary platform A1. We assume that these consumers do
not know of the existence of B2 and need to be exposed to B2 on platform A1 to be aware of
it.14 The results obtained in the reduced-form model are not affected by the relative weights
of the two channels. In Section 4, where we propose a micro-foundation of the model, we shall
make assumptions about their weight in order to derive conclusions about overall consumer
surplus and welfare.

Market B is two-sided in the sense that it allows for transactions between users and sellers.
We shall model sellers’ decisions in a very simple way, and at equilibrium all sellers will join
both platforms.

Finally, we assume that both specialised platforms can increase their quality by undertak-
ing costly investments, which we denote by xJ with J = 1, 2. Figure 1 provides a graphical
illustration of the structure of the market.

14One could alternatively assume that both B1 and B2 are directly accessible, as long as the mass of
consumers with direct access to B2 is larger than that for B1; under this condition, our main results
hold qualitatively. Moreover, this asymmetry in favor of the independent specialised platform aligns
with anecdotal evidence suggesting that primary platforms tend to expand into adjacent markets already
populated by independent competitors.
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A1’s Users
(mediated channel)

B2’s Users
(direct channel)

A1

B1 B2

Sellers

Market A

Market B

a ≥ 0

Firm 1
r1

Firm 2
r2

Figure 1: market configuration

A crucial role in our setting is played by the mechanism that allows users on the primary
platform to access the specialised platform of choice, be it B1 or B2, and interact with sellers.
Specifically, we assume that when transiting from the primary to the specialised platform
BJ , J = 1, 2, A1’s users incur an inconvenience cost σJ . For example, a consumer on A1
exposed to a link to platform B2 and choosing to purchase from B2 must exit the primary
platform and complete the transaction on the B2 specialised platform. In the process, the
consumer will exit the primary platform and deal with different interfaces, face insecurity
about the links, and so on.

Tying in our context implies that this inconvenience cost can be reduced by the primary
platform, which can provide consumers with better integration, more prominence, and easier
access to its own specialised platform B1 — as in the examples provided in Section 1. (De-
motion, instead, occurs when the primary platform raises the inconvenience cost of the rival
specialised platform.15)

We keep the participation of consumers on the platform A1 fixed and assume that con-
sumers on the direct channel do not access the platform A1. Consumers do not pay any
monetary price to have access to either platform A1 or BJ .

Demands depend on the level of investment of firm J in quality xJ ; the demand generated
by users on the primary platform also depends on the inconvenience cost faced by users σJ . In
order to distinguish sources of consumption, we use the following notation: “JM” indicates

15Note that legally both tying and demotion can be interpreted as self-preferencing.
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the (mediated) demand faced by specialised platform J = 1, 2 that is originated by users on
the primary platform, whereas “2D” indicates the demand to the specialised platform B2
that is originated by the direct channel.

The following assumptions characterize the demand functions faced by the two specialised
platforms. (Recall that consumers pay no monetary price in either market A or B.)

First, the demand on the direct channel for platform B2, denoted as q2D(x2), is increasing
and concave in firm 2’s level of investment, x2:

Assumption 1.
∂q2D(x2)

∂x2
> 0; ∂2q2D(x2)

∂x2
2

< 0.

As regards the demand for the two specialised platforms generated by users on the primary
platform, this depends on firm’s investments in quality as well as on the inconvenience cost
that users have to bear when they transit from platform A1 to a specialised one. Formally,
let us denote with qJM(xJ , x−J ; σ) the demand generated on the Mediated channel, that is,
by A1’s users on platform BJ , J = 1, 2, where xJ is the investment level by firm J and
σ = (σJ , σ−J) is the vector of users’ inconvenience costs. We assume that qJM(0, x−J ; ·) > 0
and q2D(0; ·) > 0 meaning that even in the absence of investments, there is some strictly
positive demand for both firms. Dropping the arguments for the sake of exposition, we make
the following assumptions:

Assumption 2.

∂qJM(·)
∂xJ

> 0; ∂qJM(·)
∂σJ

≤ 0; ∂qJM(·)
∂x−J

< 0; ∂qJM(·)
∂σ−J

≥ 0.

Assumption 3.

∂2qJM(·)
∂xJ∂σJ

= 0; ∂2qJM(·)
∂xJ∂σ−J

= 0; ∂2qJM(·)
∂x−J∂σ−J

= 0 ∂2qJM(·)
∂x2

J

≤ 0.

Assumption 4. ∣∣∣∣∣∂qJM(·)
∂xJ

∣∣∣∣∣ ≥
∣∣∣∣∣∂qJM(·)

∂x−J

∣∣∣∣∣
∣∣∣∣∣∂qJM(·)

∂σJ

∣∣∣∣∣ ≥
∣∣∣∣∣∂qJM(·)

∂σ−J

∣∣∣∣∣ .
Assumption 2 implies that demand for a platform is increasing in its own investment and

weakly decreasing in the inconvenience cost faced by its users. Conversely, it is decreasing
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in the rival’s investment and weakly increasing in the rival’s inconvenience cost. Assumption
3 implies that the marginal impact of J ’s investment on its demand is independent on both
σ−J and σJ , which is the case in models where there is additive separability between the
inconvenience cost and the investment benefit. The third term in Assumption 3 implies that
the marginal impact of −J investments on J ′s is also independent of σ−J . These assumptions
are made to simplify the analysis. We provide a microfoundation of such a case in Section
3.16 Moreover, the last term in Assumption 3 implies that quantities are concave in the level
of investments. Assumption 4 assumes that the own effects are (weakly) stronger (in absolute
value) than the cross effect.

We assume that sellers transact with all consumers at most once, have unit mass and are
homogeneous. Sellers’ willingness to transact on a specialised platform BJ is increasing in the
number of consumers on the platform, thereby capturing cross-group network externalities
from buyers to sellers. Specifically, we assume that the profit of a seller on platform BJ ,
J = 1, 2, is

πs
J(xJ ; ·) = QJ(xJ ; ·)[f(QJ(xJ ; ·)) − rJ ],

where f(QJ(xJ ; ·)) is a function which is increasing in its argument (with f(0) = 0), with
Q1(x1, x2; ·) = q1M(x1, x2) and Q2(x2, x1; ·) = q2D(x2) + q2M(x2, x1). This function captures
the strength of the network externality: as QJ increases, the price perceived by the seller rises.
rJ is the fee that sellers have to pay to be able to sell on platform BJ . To simplify further the
analysis, we assume that f(QJ(xJ ; ·)) = ρQJ(xJ ; ·) so that πs

J(xJ ; ·) = QJ(xJ ; ·)[ρQJ(xJ ; ·) −
rJ ] where ρ > 0 captures the network effect from buyers to sellers.

Firm 1 may request a payment for specialised platform B2’s access to platform A1: more
specifically, it earns an amount a ≥ 0 on each transaction that B2 generates.17 We assume
that a ≥ 0 is exogenously given: the primary platform hosts a miriad of specialised services,
and the access (uniform) price a is not determined by considerations related to the particular
sector at hand.

Investment costs for platform J amount at C(xJ), with C(0) = 0, C ′(0) = 0, C ′(xJ) >

0, C ′′(xJ) > 0.

16This is, for example, the case of a function where qJ(xJ , x−J , σJ , σ−J) = vJ + ηJxλ
J − γJσJ − η−Jxλ

−J +
γ−Jσ−J where vJ > 0, ηJ > η−J > 0, λ > 0 and γJ > γ−J > 0.

17This captures both the business model of primary platforms where both consumers and specialised plat-
forms pay a zero price (think of organic links in Google Search), but also those cases where the platform
charges ad fees for visibility, as in the context of Facebook.
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Firm 1’s profits are given by:

Π1(x1, x2; ·) = −C(x1)+

r1q1M(x1, x2) + aq2M(x2, x1) if platform B2 is present on A1

r1q1M(x1, x2) if platform B2 is not present on A1
(1)

whereas firm 2’s profits are:

Π2(x2, x1; ·) = −C(x2)+

r2[q2D(x2) + q2M (x2, x1)] − aq2M (x2, x1) if platform B2 is present on A1

r2q2D(x2) if platform B2 is not present on A1
(2)

Given that we assume that the demand function is concave, the price is exogenously given,
and that the cost function is strictly convex, the profit functions will be strictly concave in
own investments. Finally, we also make the following two assumptions:

Assumption 5. ∣∣∣∣∣ ∂Π2
J(·)

∂xJ∂x−J

∣∣∣∣∣
∣∣∣∣∣ ∂Π2

−J(·)
∂x−J∂xJ

∣∣∣∣∣ <

∣∣∣∣∣∂Π2
J(·)

∂x2
J

∣∣∣∣∣
∣∣∣∣∣∂2Π−J(·)

∂2x−J

∣∣∣∣∣ .
Assumption 6.

− ∂2ΠJ

∂xJ ∂σJ

∂2Π−J

∂x−J ∂σJ

≥
∂2ΠJ

∂xJ ∂x−J

− ∂2Π−J

∂x2
−J

;
− ∂2Π−J

∂x−J ∂σJ

− ∂2ΠJ

∂xJ ∂σJ

≥
∂2Π−J

∂x−J ∂xJ

− ∂2ΠJ

∂x2
J

.

Assumption 5 states a standard stability condition that ensures uniqueness of the equi-
librium. Assumption 6 introduces the local diagonal dominance condition, usual in settings
with strategic complementarities. It requires that, for each firm, the direct effect of the
parameter on its own first-order condition, scaled by the rival’s curvature, dominates the
feedback effect arising from strategic complementarities. This restriction is not needed in
environments with strategic substitutability. In terms of the primitives of the model, the
joint validity of Assumptions 5 and 6 implies that the cost function is sufficiently convex.
Under these maintained assumptions, the equilibrium investment pair (x⋆

1, x⋆
2) exists and is

unique.18

18We present conditions on the primitives of the model in the Appendix.
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The game

The game unfolds according to the following sequence:

1. firm 1 decides whether to engage in tying (which reduces σ1);

2. firms 1 and 2 make their investment decisions, denoted by x1 and x2, respectively;

3. firm 2 decides whether to place its platform services B2 on the primary platform A1,
accepting to pay the price a per transaction generated to Firm 1;

4. in market B, firms set prices on the seller side of their specialised platforms, r1 and r2,
respectively. Sellers then observe these prices and decide whether to enter and sell on
B1, B2, or both;

5. consumers make their purchasing decisions.

The equilibrium concept is subgame perfect Nash equilibrium.

In the following sections, we start by solving a benchmark model where consumers incur
the generic inconvenience cost σJ when accessing the specialised platform J from the primary
platform. We then discuss the impact of a better integration/tie between platforms A1 and
B1, that is we look at what happens when σ1 decreases (i.e., a “marginal tying”).

3 Analysis

We solve the model by backward induction. (All proofs are in the Appendix.) In the final
period of the game, demand is realised. Anticipating this, specialised platforms set prices
on the seller side. Each platform can extract all surplus from sellers by setting rJ(xJ ; ·) =
ρQJ(xJ ; ·). As a result, all sellers join both platforms and multi-home in equilibrium; in what
follows, the number of sellers in each platform is normalised to nJ = 1. This implies that

r1(x1, x2) = ρq1M(x1, x2), r2(x2, x1) =

ρ[q2D(x2) + q2M (x2, x1)] if platform B2 is present on A1

ρq2D(x2) if platform B2 is not present on A1

In Stage 3, Firm 2 decides whether to be present on the primary platform A1. Replacing
the above r2 into (2), the profit of firm 2 is given by

Π2(x2, x1; ·) = −C(x2)+

ρ [q2D(x2) + q2M (x2, x1)]2 − aq2M (x2, x1) if platform B2 is present on A1

ρ q2
2D(x2) if platform B2 is not present on A1

(3)
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Comparing the profits in the first and second lines of (2), Firm 2 finds it optimal to be
present on A1 if

ρ
[
2q2M(x2, x1)q2D(x2) + q2

2M(x2, x1) + q2
2D(x2)

]
− aq2M(x2, x1) ≥ ρq2

2D(x1).

This inequality identifies the condition on the per-transaction fee a under which Firm 2
finds it profitable to be present on the primary platform:

a ≤ ρ [2q2D(x2) + q2M(x2, x1)] . (4)

The underlying intuition is straightforward: if the price is sufficiently high, then Firm 2 has
no incentive to attract consumers on platform A1 to its platform B2.

Thus, the profit of Firm 1 when condition (4) holds is given by

Π1(x1, x2; ·) = ρq2
1M(x1, x2) + aq2M(x2, x1) − C(x1). (5)

We now examine the incentives of the two firms to invest in Stage 2. Differentiating the
profits of Firm 1 and those of Firm 2 with respect to x1 and x2, respectively, yields

∂Π1(x1, x2; ·)
∂x1

= a
∂q2M(x2, x1)

∂x1
+ 2ρ q1M(x1, x2)

∂q1M(x1, x2)
∂x1

− ∂C(x1)
∂x1

= 0. (6)

and
∂Π2(x2, x1; ·)

∂x2
= 2ρ [q2D(x2) + q2M (x2, x1)]

[
∂q2D(x2)

∂x2
+ ∂q2M (x2, x1)

∂x2

]
−a

∂q2M (x2, x1)
∂x2

−∂C(x2)
∂x2

= 0.

(7)

In (6) the first term is negative, since it represents the opportunity cost for Firm 1 in its
monopolistic market A: every extra unit sold in market B displaces sales by platform B2,
and hence induces a lower income generated by the rival. This system implicitly gives the
equilibrium pair of investments (x⋆

1, x⋆
2). The next lemma characterises sufficient conditions

for x⋆
J > 0 and platform B2 to be present on A1, which will then be useful to characterise

the effects of tying on market outcomes.

Lemma 1. Conditional on tying, a sufficient condition for an equilibrium with a pair of
investments (x⋆

1, x⋆
2) to exist is that

a ≤ ρ [min{2q2D(0) + q2M(0, x1), 2qJM(0, x−J)}] , ∀ xJ ≥ 0, J = 1, 2.
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In the next part of the analysis, we assume that the condition in Lemma 1 holds. The
economic intuition is relatively simple. The price paid by Firm 2 to be hosted on market A1
should not be too high, as otherwise the firm may have no incentive to invest (i.e., x2 = 0)
or to be present at all on the primary platform. Similarly, a should not be too high for Firm
1 either, since high revenues from hosting the rival may reduce its incentive to invest in its
own product, as doing so would primarily boost the rival’s demand and increase monetisation
from its presence.

3.1 Effects of Tying

We model tying as a reduction in the inconvenience cost σ1 that users on platform A1 incur
when accessing B1. To analyse its effects, we examine how a (marginal) decrease in σ1

influences the market equilibrium.19

3.1.1 The effect of tying on investments

Consider the first-order conditions given in expressions (7) and (6). As the inconvenience
cost of buying from firm 1 increases, demand for firm 2 (resp. 1) rises (resp. decreases) and
hence the marginal return from investing by firm 2 (resp. 1) also increases (resp. decreases).

The following lemma shows that the investment best response of firm 2 is always increasing
in σ1, hence tying (which reduces σ1) shifts downwards firm 2’s best response. Symmetrically,
the best response of 1 decreases in σ1, implying that tying shifts upwards firm 1’s best
response.

Lemma 2. (Investment best responses)

• For any given level of investment by firm 1, the investment best response of firm 2 shifts
downwards with tying (that is, ∂x2(x1; ·)/∂σ1 > 0).

• For any given level of investment by firm 2, the best response of firm 1 shifts upwards
with tying (that is, ∂x1(x2; ·)/∂σ1 < 0).

The intuition behind Lemma 2 is straightforward. Tying — which consists in a decrease
of σ1 — creates a competitive advantage for platform B1, which displaces demand from
19In principle, tying could fully eliminate this inconvenience cost, resulting in σ1 = 0; our results hold whether

the reduction in σ1 is marginal or discrete.
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B2 to its own specialised platform B1. As B1’s demand increases, its marginal gains from
investment rise, shifting its best-response function upwards. The mirror image is that B2’s
demand decreases, and its marginal gains from investment also lowers, shifting its best-
response function upwards.

Based on Lemma 2, we show that the equilibrium investment level of Firm 1, x⋆
1(σ1) (resp.,

firm 2, x⋆
2(σ1)) increases (resp., decreases) with tying. Specifically, this is always the case

under strategic substitutability of investments and, under Assumption 6, also in the case of
strategic complementarity. We conclude the following:

Proposition 1. Tying leads to an increase in the equilibrium level of investment by firm 1
and a decrease in the equilibrium level of investment by firm 2 (that is, dx⋆

1(σ1)/dσ1 < 0 and
dx⋆

2(σ1)/dσ1 > 0).

3.1.2 The effect of tying on quantities

Next, we study how tying affects the equilibrium quantity of products purchased by con-
sumers, which we denote as q⋆

2D ≡ q2D(x⋆
2(σ1)), q⋆

2M ≡ q2M(x⋆
1(σ1), x⋆

2(σ1), σ1), and q⋆
1M ≡

q1M(x⋆
1(σ1), x⋆

2(σ1), σ1). Recall that tying provides a convenience benefit for consumers on
platform A1 who buy from platform B1. However, tying also influences investment in-
centives: firm 2’s investment in market B decreases, while firm 1’s investment increases.
Therefore, we observe that the quantity demanded from platform B2 decreases with tying
since, by totally differentiating Q⋆

2 ≡ Q⋆
2(x⋆

2(σ1), x⋆
1(σ1), σ1) = q⋆

2D + q⋆
2M with respect to σ1,

yields
dQ⋆

2
dσ1

= ∂q⋆
2D

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

>0

+ ∂q⋆
2M

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

>0

+ ∂q⋆
2M

dσ1︸ ︷︷ ︸
>0

+ ∂q⋆
2M

∂x1

dx⋆
1(σ1)
∂σ1︸ ︷︷ ︸

>0

> 0. (8)

The first two terms in the above expression represent the indirect (positive) effect of an
increase in σ1 on both the quantities sold by firm 2 through the direct channel and on market
A1. The third term captures the direct effect of an increase in the inconvenience cost σ1 on
the quantities sold via platform A1, which rise in response. Finally, there is a fourth effect via
the change in the investment level of the rival firm, which increases. Therefore, the overall
quantity provided by platform 2 increases with σ1, meaning that tying leads to a reduction
in quantities provided by firm 2.
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Secondly, the quantity provided by platform A1 increases with tying since, totally differ-
entiating Q⋆

1 ≡Q⋆
1(x⋆

1(σ1), x⋆
2(σ1), σ1) with respect to σ1 yields

dQ1

dσ1
= ∂q⋆

1M

∂σ1︸ ︷︷ ︸
<0

+ ∂q⋆
1M

∂x1︸ ︷︷ ︸
>0

dx⋆
1(σ1)
dσ1︸ ︷︷ ︸
<0

+ ∂q⋆
1M

∂x2︸ ︷︷ ︸
<0

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸
>0

< 0. (9)

The first term represents the direct effect of a change in σ1 on the quantities sold by firm
1, which decrease in response. The second term captures the indirect effect resulting from
a change in the firm’s own investment level, which may increase or decrease in response.
The third term reflects the effect of an increase in the inconvenience cost on the rival firm’s
investment and, through this channel, leads to a reduction in the quantities sold by platform
A1. Therefore, the overall quantity provided by platform 1 decreases with σ1, meaning that
tying leads to an increase in quantities provided by firm 1.

From all this, we can state the following.

Proposition 2. Tying leads to an increase in the quantities sold by firm 1 and a decrease in
the quantities sold by firm 2 (that is, dQ⋆

1/dσ1 < 0, and dQ⋆
2/dσ1 > 0).

From the above analysis it is clear that tying leads to a reduction in the quantities sold by
firm 2 in its direct channel. However, it is not a priori clear whether the rise in q∗

1M outweighs
the decrease in q∗

2M , that is whether total quantities sold in the mediated channel increase or
decrease with tying.

Let us denote Q⋆
M(x⋆

1(σ1), x⋆
2(σ1), σ1) ≡ q∗

1M + q∗
2M the total quantity sold in the mediated

channel. Totally differentiating it with respect to σ1 yields the following expression

dQ⋆
M

dσ1
= ∂Q⋆

M

∂σ1︸ ︷︷ ︸
<0

+ ∂Q⋆
M

∂x1

dx⋆
1(σ1)
dσ1︸ ︷︷ ︸

<0

+ ∂Q⋆
M

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

>0

, (10)

where ∂Q⋆
M/∂σ1 = ∂q⋆

2M/∂σ1 + ∂q⋆
2M/∂σ1 < 0, and ∂Q⋆

M/∂x1 = ∂q⋆
1M/∂x1 + ∂q⋆

2M/∂x1 and
Q⋆

M/∂x2 = ∂q⋆
1M/∂x2 + ∂q⋆

2M/∂x2 > 0.

There are three main channels through which an increase in the inconvenience cost affects
total quantities in the mediated channel. First, there is a direct effect, which is clearly
negative, as own effects are larger than cross-effects by Assumption 3. Second, an increase in
the inconvenience cost for firm 1 changes its investment level, which in turn has an indirect
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effect on total quantities. Third, firm 2 also reacts to the change in the inconvenience cost
by adjusting its investment level, which likewise has an indirect effect on total quantities.

A sufficient condition for tying to raise total quantity in the mediated channel is that the
second term in (10) weakly dominates the third:

∣∣∣∣∂Q⋆
M

∂x1

dx⋆
1(σ1)
dσ1

∣∣∣∣ ≥
∣∣∣∣∂Q⋆

M

∂x2

dx⋆
2(σ1)
dσ1

∣∣∣∣. (11)

This inequality states that the tying-induced marginal change in firm 1’s investment shifts
Q⋆

M by at least as much as the induced change in firm 2’s investment. We write the following.

Proposition 3. A sufficient condition for tying to increase total quantities in the mediated
channel (that is, dQ⋆

M/dσ1 < 0) is that (11) holds.

While tying has an a priori ambiguous effect on the total quantity in the mediated channel,
Proposition (11) gives a sufficient condition for quantity and hence consumer surplus in the
mediated channel to increase: the tying-induced change in firm 1’s investment moves Q⋆

M at
least as much as the induced change in firm 2’s investment. Since CSM is increasing in Q⋆

M ,
(11) ensures that CSM weakly rises with tying.

If tying raises Q⋆
M , the effect on total consumer surplus depends on whether losses on the

direct channel offset the mediated-channel gain. If tying lowers Q⋆
M , total consumer surplus

is unambiguously lower because tying also reduces consumer surplus in the direct channel in
our setting.

Section 4 quantifies these effects for a specific functional form and derives the welfare
implications.

3.1.3 The effect of tying on firm 2’s profits

As for the impact of tying on the profits of firm 2 generated by its platform B2, we can
establish the following result. Denoting Π⋆

2 ≡ Π2(x⋆
2(σ1), x⋆

1(σ1), σ1) and differentiating it
with respect to σ1, we obtain:

dΠ⋆
2

dσ1
= ∂Π⋆

2
∂σ1︸ ︷︷ ︸
>0

+ ∂Π⋆
2

∂x1︸ ︷︷ ︸
<0

dx⋆
1(σ1)
dσ1︸ ︷︷ ︸
<0

> 0, (12)
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where ∂Π⋆
2/∂x2 = 0 by the envelope theorem. Therefore, tying also lowers firm 2’s profits.

We conclude the following.

Lemma 3. Tying leads to a decrease firm 2’s equilibrium profit (that is, dΠ⋆
2/dσ1 > 0).

3.1.4 The effect of tying on firm 1’s profits

We now examine the incentives of firm 1 to tie its competitive platform service B1 within its
monopolistic platform A1. Recall that, in our setting, on-platform tying entails giving B1 a
convenience advantage relative to B2.

Denoting Π⋆
1 ≡ Π1(x⋆

1(σ1), x⋆
2(σ1), σ1) and differentiating it with respect to σ1, evaluated

at the equilibrium levels of x1 and x2, yields:

dΠ⋆
1

dσ1
= a

(
∂q⋆

2M

∂σ1
+ ∂q⋆

2M

∂x2

dx⋆
2(σ1)
dσ1

)
︸ ︷︷ ︸

indirect effect via the price for presence ≥0

+ 2ρq⋆
1M

(
∂q⋆

1M

∂σ1
+ ∂q⋆

1M

∂x2

dx⋆
2(σ1)
dσ1

)
.︸ ︷︷ ︸

indirect effect via a change in own demand <0

(13)

We observe that firm 1 faces a trade-off when engaging in tying. On the one hand,
whenever firm 2 pays a positive price for presence, tying reduces these revenues from the
rival. On the other hand, tying increases firm 1’s own demand-both because consumers find
its offer more convenient than the rival’s, and because the rival’s investment level decreases,
further boosting firm 1’s demand.

When a = 0 (or sufficiently small), the loss in revenue from the rival vanishes. In this
case, the profitability effect of tying is unambiguous, and we conclude that tying is always
profitable. By contrast, when a > 0, a trade-off arises between reduced rival payments and
increased own demand. Since we focus on the case in which, by Lemma 1, a ≤ 2ρq⋆

1M , then
a sufficient condition for the tying to be profitable for any positive a is that the following
condition holds:

dx⋆
2(σ1)
dσ1

∂Q⋆
M

∂x2
≤
∣∣∣∣∂Q⋆

M

∂σ1

∣∣∣∣. (14)

We conclude the following:

Proposition 4. In the neighborhood of a = 0, tying is always profitable. A sufficient condi-
tion for tying to be profitable is that condition (14) holds.
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There are two main implications of Proposition 4. Firstly, it shows that in our model
tying can be profitable even if it does not lead to exclusion of the rival. In other words,
there is no need for the dominant platform to credibly precommit to tying for it to take place
at equilibrium (unlike some of the models reviewed in Section 1). Moreover, the sufficient
condition in (14) means that tying is profitable whenever the direct effect on total quantities
is weakly stronger than the indirect effect of a change in firm 2’s investment level on total
quantities. Secondly, in line with other findings, the profitability of tying depends on the
access price a, that is, on the degree of rent extraction from the dominant firm. Note in
particular that tying may not be profitable for firm 1 when a is sufficiently large. In this
case, firm 1 receives a substantial transfer from its rival, and tying displaces demand in a
way that reduces the total revenue extracted from the rival.

3.1.5 Summary

Let us briefly sum up the results obtained so far. We have just found that if a is small enough
(or equal to zero) - so that the payment from firm 2 to firm 1 for presence on the platform
is negligible - then tying is adopted in equilibrium. In such cases, tying leads to a reduction
in the investment of the independent platform and an increase in the investment of the tied
platform. For users of platform A1, tying benefits those who prefer B1 over B2 through
two channels: savings from the reduced inconvenience cost σ1 and the increase in firm 1’s
investment. However, platform A1 users accessing B2 will be harmed by the reduction in firm
2’s investment. As a result, the overall impact of tying on the surplus of consumers on the
mediated platform is in principle ambiguous, but Proposition 3 gives a sufficient condition
for tying to have a net benefit on consumers in the mediated channel.

By contrast, tying always harms consumers who access B2 directly: tying reduces firm 2’s
investment, which in turn lowers demand on platform B2’s direct channel (see Proposition 2).
To obtain a better feeling about the overall effect of tying on consumer surplus and welfare,
we resort in the next section to a functional form example.

4 An illustrative example

In this section, we provide an illustrative example of our theoretical insights. On market B the
two specialised platforms compete à la Hotelling. Consumers are uniformly distributed with
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unit density along the real line θ ∈ (−∞, ∞); platform B1 is located at l1 = 0, platform B2
at l2 = 1. The consumer located in θ incurs a disutility t | lj −θ | to access platform lj, where
θ represents consumers’ taste or preference20 and t indicates the standard transportation
cost, capturing the disutility from product mismatch.

Customers can access market B directly—in this case they can only access B2—or via
a primary platform A1—and in this case they can access both the specialised platforms,
provided that B2 has advertised its services on A1. On the direct channel, a consumer
located at θ who accesses platform B2 directly obtains utility

U2D(θ) = v̂2(x2) − t | l2 − θ | + ωN2, (15)

where v̂2(x2) denotes the baseline utility of accessing and using platform B2’s services, which
is increasing in the platform’s investment x2, and N2 denotes the number of sellers on platform
B2, with ω capturing the strength of network externalities from sellers to buyers. Throughout
the analysis, we assume that the relative size of the direct channel is α > 0: while there is one
consumer at each point along the line accessing the specialised platforms from the primary
platform, there are α consumers at each point in the direct channel. This setup allows us to
vary the size of the direct channel in our analysis.

Users of platform A1 can access both specialised platforms; specifically, they face the
following utility when purchasing from platform BJ , J = 1, 2:

UJM(θ) = v̂JM(xJ , σJ) − t | lJ − θ | + ωNJ . (16)

Sellers are homogeneous. Payoffs of sellers and platforms are as in the previous section.

Consumer decisions. On the direct channel, a consumer θ decides to join the platform B2
if and only if U2D(θ) ≥ 0. Thus, there exists a critical threshold θ2D ≡ (ωN2 + v̂2(x2))/t such
that only consumers with θ ∈ [−θ2D, θ2D] end up buying. The mass of consumers on the direct
channel is equal to 2θ2D, and total demand from these consumers is q2D(x2, σ2) = 2αθ2D.

Consider now consumers on the primary platform A1; they can access either the specialised
platform B1 or B2. There are three types of indifferent consumers. Firstly, a consumer with
θ < 0 buys from platform B1 against the outside option of not buying at all if and only if
U1M(θ) ≥ 0, implying that there is a threshold value θ1 ≡ (ωN1 + v̂1M(x1, σ1))/t such that all
20We assume that θ is i.i.d. and uncorrelated with whether a consumer is on the mediated or the direct

channel.
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consumers in θ ∈ [−θ1, 0) buy from platform B1 against the outside option of not buying at
all. Secondly, a consumer with θ > 1 buys from B2 against the outside option of not buying at
all if and only if U2M(θ) ≥ 0, implying that there is a threshold θ2 ≡ 1+(ωN2 + v̂2M(x2, σ2))/t

such that all consumers in θ ∈ (1, θ2] buy from B2 against the outside option of not buying
at all. Thirdly, in the contested segment of the market a consumer θ ∈ [0, 1] buys from
platform B1 (resp. platform B2) if U1M(θ) ≥ (<)U2M(θ), implying that there is a threshold
value θ12 ≡ (t + v̂1(x1, σ1) − v̂2(x2, σ2) + ω(N1 − N2))/2t such that that all consumers in
θ ∈ [0, θ12) buy from B1 and the remaining consumers buy from B2.

Therefore, among the users of the primary platform A1, the amount of those who access
platform B1 is given by q1M(x1, x2, σ1, σ2) = θ12 + θ1, while the amount of those who access
platform B2 is given by q2M(x2, x1, σ2, σ1) = θ2 − θ12.

Sellers’ decision. Sellers decide to join the platforms. Since they are homogeneous, they
all join the specialised platform BJ if πs

J ≥ 0, that is if rJ ≤ ρQJ , where ρ > 0 captures the
network effect from buyers to sellers. Each platform in equilibrium would set rJ so that all
sellers join and multi-home. In turn, NJ = 1.

Using sellers’ full participation, we can write the demands given firms’ investment levels:

q2D(x2) = 2α(v̂2(x2) + ω)
t

,

q1M(x1, x2, σ1, σ2) = 1
2 + 3v̂1M(x1, σ1) + v̂2M(x2, σ2) + 2ω

2t
,

q2M(x2, x1, σ2, σ1) = 1
2 + 3v̂2M(x2, σ2) − v̂1M(x1, σ1) + 2ω

2t
.

We make the following assumptions about the baseline utilities:

v̂2(x2) = 1 + x2, v̂2M(x2, σ2) = 1 + x2 − σ2, v̂1M(x1, σ1) = 1 + x1 − σ1,

implying that demands are linearly additive with respect xJ and σJ , J = 1, 2; it is immediate
to see that Assumptions 1-4 of our reduced-form model are satisfied. Finally, we assume
quadratic investment costs, C(x1) = βx2

J/2, with β > (4α + 3)2ρ/(2t2) to ensure concavity
in profits.21

21We also impose constraints on t to ensure the existence of the equilibrium. In particular, we require
that θ∗

12 ∈ [0, 1], and U1M (θ∗
12) ≥ 0; formally: t ≥ max{x∗

1 − x∗
2 − σ1 + σ2, x∗

2 − x∗
1 + σ1 − σ2}, and

t ≤ 2 + x∗
1 + x∗

2 − σ1 − σ2 + 2ω. These conditions ensure that t is neither too high (otherwise firms are
insulated from each other), nor too low (otherwise competition is so fierce that a small advantage for
one firm would allow it to get the whole market, creating a discontinuity in the profit functions). We
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Moreover, for J ∈ 1, 2 we have ∂qJM/∂xJ = 3/(2t) and ∂qJM/∂x−J = −1/(2t). By
symmetry, condition (11) holds. Using Proposition 2, it follows that dQ⋆

M/dσ1 < 0. Hence,
total quantity in the mediated channel increases with tying. A trade-off arises: consumer
surplus increases with tying in the mediated channel but decreases in the direct channel.

In what follows, we present a numerical example in the quadrant (α, t).22 Specifically, we
assume the following parameters: a = 0.1, β = 2, ω = 0.2, ρ = 0.4 and σ1 = σ2 = 0.3.23

Figure 2 presents the effect of tying on consumer surplus (Panel A) and social welfare
(Panel B). More precisely, it illustrates the impact of a marginal change of σ1 on the aggregate
consumer surplus and on welfare, by looking at the sign of −dCS(x⋆

1(σ1), x⋆
2(σ1), σ1)/dσ1 and

of −dW (x⋆
1(σ1), x⋆

2(σ1), σ1)/dσ1.

Panel A of Figure 2 shows that — ceteris paribus — tying is more likely to reduce consumer
surplus the larger the direct channel (that is, the higher α) and the fiercer competition
between the two specialised platforms (that is, the lower t). Intuitively, a high value of
α indicates that a significant volume of consumers access platform B2 directly, and these
consumers are harmed by the reduction in firm 2’s innovation incentives induced by tying.
When the direct channel is very small (α → 0), tying generates purely pro-competitive effects.
In this case, tying does not introduce a negative externality on the direct channel.

As for the role of competition, when t is high, the two platforms do not compete fiercely,
therefore tying has a limited effect on the rival platform B2. By contrast, when t becomes
smaller, competition intensifies and so more consumers would switch between platforms even
for small changes in their utility, and so B2 would feel a stronger impact, reducing more
its investment. To the extent that there are enough consumers in the direct channel, tying
might reduce consumer surplus.

Panel B of Figure 2 shows that welfare can also either increase or decrease with tying,
the results being driven by the same considerations as above (if consumer surplus decreases,
tying will be socially undesirable). It is worth noting that there is a region, highlighted in
black, where tying benefits consumers but reduces overall social welfare. This is due to the

also require that the conditions in Lemma 1 and the second order conditions for profit-maximisation are
satisfied. The white region in Figure 2 illustrates the parameter range in which these conditions are not
met.

22It is relatively straightforward to solve the model analytically, although the resulting expressions are lengthy
and messy, and little insight can be obtained by their inspection. Details are available from the authors
upon request.

23Choosing a small value of a ensures tying is always profitable and hence facilitates the illustration. It is
possible to show that with higher values of a tying still emerges at equilibrium, but for a narrower region
of parameter values.
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(a) Consumer surplus. (b) Social welfare

Figure 2: Effects of tying on consumer surplus and social welfare. Parameter value: a=0.1.
β = 2, ω = 0.2, ρ = 0.4 and σ1 = σ2 = 0.3.

large reduction in profitability of firm 2 which is not offset by the increase in profits of firm
1.24

5 Demotion of rivals

In this section, we consider the case where the dominant platform engages in a practice (that
we call demotion) that increases inconvenience costs of users of the rival platform B2, rather
than in one that decreases the inconvenience costs of own users (tying). We first characterise
the effects of demotion (which raises σ2) and then compare them with the effects of tying
(which reduces σ1).

Following the same steps as for the analysis of tying in Section 3, we prove the corre-
sponding results for the case of demotion. Specifically, we show that for any given level of
investment by firm 1, the investment best response of firm 2 shifts downwards with demotion
(that is, ∂x2(x1; ·)/∂σ2 < 0), whereas, for any given level of investment by firm 2, the best
response of firm 1 shifts upwards with demotion (that is, ∂x1(x2; ·)/∂σ2 > 0), as stated by
the following proposition.
24Note that our results in this section do not change qualitatively in different parameter ranges. Specifically,

the area that ensures equilibrium existence tends to get larger for higher values of ω and ρ.
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Proposition 5. Demotion leads to an increase in the equilibrium level of investment by firm
1 and a decrease in the equilibrium level of investment by firm 2 (that is, dx⋆

1(σ2)/dσ2 > 0
and dx⋆

2(σ2)/dσ2 < 0).

Demotion creates a disadvantage for firm 2 (rather than an advantage for firm 1, as it was
on tying), which shifts demand from B2 to B1’s platform. As B1’s demand increases, its
marginal gains from investment rise, shifting its best-response function upwards. Conversely,
as B2’s demand decreases, its marginal gains from investment fall, shifting its best-response
function downwards. Thus, the level of investment increases for firm 1 and decreases for firm
2.

This, in turn, impacts equilibrium quantities: firm 2 loses demand in both the mediated
and direct channels, whereas firm 1 benefits from a demand-stealing effect.

Proposition 6. Demotion leads to an increase in the quantities sold by firm 1 and a decrease
in the quantities sold by firm 2 (that is, dQ⋆

1/dσ2 > 0, and dQ⋆
2/dσ2 < 0).

The effect of an increase in the inconvenience cost σ2 is a priori ambiguous, mirroring
the same effect we found in the context of tying. The main difference between tying and
demotion, however, is in the sign of the direct effect of a change in the inconvenience cost.
In the context of tying, the inconvenience cost falls, whereas in the context of demotion it
rises.

A sufficient condition for quantities to decrease with demotion in the mediated channel is
that |(dQ⋆

M/dx2)(dx⋆
2/dσ2)| ≥ |(dQ⋆

M/dx1)(dx⋆
1/dσ2)|.

When this sufficient condition holds, total quantities in the mediated channel fall with
demotion, and by revealed preference the consumer surplus in the mediated channel decreases
too. Combined with the fact that quantities in the direct channel also fall (and thus consumer
surplus there falls), this implies that overall consumer surplus unambiguously decreases with
demotion if |(dQ⋆

M/dx2)(dx⋆
2/dσ2)| ≥ |(dQ⋆

M/dx1)(dx⋆
1/dσ2)|. We summarise this result in

the following proposition.

Proposition 7. A sufficient condition for total quantities to fall with demotion (that is,
dCS⋆/dσ2 < 0) is that |(dQ⋆

M/dx2)(dx⋆
2/dσ2)| ≥ |(dQ⋆

M/dx1)(dx⋆
1/dσ2)|.

Note that the sufficient condition in Proposition 7 is always satisfied in symmetric models,
such as the one employed in our specification with a functional form.
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We now turn to the profitability of demotion. As in the case of tying, demotion is certainly
profitable for firm 1 when a = 0: in this case, it generates additional demand and revenues
at the expense of its rival. When a > 0, however, firm 1 still benefits from higher sales but
loses revenues from the rival, making the overall effect a priori ambiguous. We establish the
following result.

Proposition 8. In the neighborhood of a = 0, demotion is always profitable. A sufficient
condition for demotion to be profitable for a > 0 is that ∂Q⋆

M/∂σ2 > |∂Q⋆
M/∂x2 × dx⋆

2/dσ2|.

As of firm 2, due to a reduction in the demand from both the mediated and direct channel,
firm 2’s profits decrease. We conclude the following:

Lemma 4. Demotion leads to a decrease in firm 2’s profit (that is, dΠ⋆
2/dσ1 > 0).

Tying vs. Demotion. Next, we compare the effects of tying and demotion on the firms’
best responses and, in turn, on equilibrium investment levels. Recall that Assumption 4
implies that own effects are larger than indirect effects. Consequently, by directly reducing
its own inconvenience cost, firm 1’s marginal gains from investment are greater than the
gains it would obtain indirectly through an increase in its rival’s inconvenience cost. Hence,
tying has a stronger effect on firm 1’s best response.

By symmetry, demotion has a more direct impact on firm 2’s marginal gains from invest-
ment than tying. Since the effect of a marginal demotion is stronger than that of a marginal
tying, demotion always exerts a greater influence on firm 2’s best response. We conclude the
following.

Lemma 5. Demotion has a stronger effect than tying on the investment level by firm 2,
whereas tying has a stronger effect than demotion on the investment level by firm 1 (that is,
|dx⋆

1/dσ1| > |dx⋆
1/dσ2| and |dx⋆

2/dσ2| > |dx⋆
2/dσ1|).

We now study the incentive of the platform to tie compared to the alternative strategy
of demoting its rival. We restrict our analysis to the common parameter range in which
the platform finds it optimal to tie or to demote its rival. To compare the incentive of the
platform to tie or to demote its rival, we start from a common pair {σ1, σ2} and we look at
the marginal change in profits stemming from a reduction in σ1 and the change in profits
stemming from an increase in σ2, given in expressions (13) and (A-14), respectively. From
the comparison, we can state the following proposition.
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Proposition 9. A sufficient condition for the platform to prefer tying over demotion is that
∣∣∣∣∂q⋆

2M

∂σ1
+ ∂q⋆

2M

∂σ2

∣∣∣∣ ≤
∣∣∣∣∂q⋆

1M

∂σ1
+ ∂q⋆

1M

∂σ2

∣∣∣∣
holds.

Note that the above condition is always satisfied in linear models with uniform distribution.
The key insight from the above proposition is that the platform’s profit gain from reducing
its inconvenience cost (tying) exceeds the gain from degrading the rival’s quality (demotion).
This follows again from the asymmetry in direct versus indirect effects. Ceteris paribus,
reducing σ1 directly leads to an increase in platform 1’s profits, whereas increasing σ2 affects
platform 1 only indirectly.

Compared to tying, demotion is more likely to harm consumers. By Propositions 2 and 7,
consumer surplus in the direct channel decreases under both policies, while in the mediated
channel sufficient conditions imply an increase under tying and a decrease under demotion.
In symmetric models—covering many standard specifications—the effects are unambiguous:
consumer surplus in the mediated channel decreases under demotion and increases under
tying.

6 Conclusions

Digital companies often integrate into their core platforms new services, or make more visible
and accessible services they already offer, typically in competition with other companies. This
practice, which can be interpreted as tying, self-preferencing, or envelopment, reduces the
inconvenience costs of the core platform users who also consume those services, thus proving
a direct short-term benefit to them.

However, it might also affect long-term decisions. In our model, we show that it tilts
demand in the mediated channel (that is, of consumers on the core platform) away from the
rivals and towards the platform own services, thus reducing the incentive of the former to
invest in product improvement and increasing the incentive of the latter. To the extent that
the rival also sells via a direct channel, the lower investment will be harmful to consumers
accessing directly the rival’s services. That is, tying (or however one calls the practice at issue)
exerts a negative externality on consumers in the direct channel, since they will consume a
lower quality. The net overall effect is a priori ambiguous, but insofar as the direct channel
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is large enough, the increase in surplus in the mediated channel might be dwarfed by the
decrease in the direct channel.

Whereas the practice that reduces inconvienence costs of the users of the services of the
dominant core platform might give rise to a trade-off between short-run and long-run effects,
another form of self-preferencing, consisting of increasing the inconvenience costs of rivals
(for instance, by demoting them in rankings, or by making them otherwise less visible and
more cumbersome to use) under our maintained assumptions will have unambiguous effects,
decreasing consumer surplus both in the short- and in the long-run.

Entry deterrence We have assumed that the rival has already entered the market. How-
ever, it would be straightforward to extend the model by having an initial stage where the
rival decides whether to enter by payment of a fixed sunk cost. Since tying by the dominant
primary platform is optimal (due to imperfect rent extraction) even when the entrant is al-
ready in, the expectation of lower profits might deter entry, even absent any pre-commitment
on tying.

Behavioural remedy We could also extend the model to formalise possible remedies to
the practice at hand. In Google Shopping, the European Commission initially considered
a remedy whereby Google committed to giving access to its ‘Shopping unit’ (that is, the
box where links and pictures of merchants appear prominently on Google’s Search Engine
Results Pages) not only to its own service, Google Shopping, but also to rival Comparison
Shopping Services. In response of the European Commission fine for abusive conduct in
Facebook Marketplace, Meta launched a commitment program consisting in the inclusion of
listings from other platforms directly within Marketplace.25

This type of remedy is aimed at enhancing visibility of rival offerings directly within
the dominant platform’ s ecosystem. In terms of our model, this amounts to reducing the
inconvenience costs incurred by consumers in the mediated channel for both the dominant
firm and its rival’s specialised platforms (that is, in decreasing both σ1 and σ2). Again, it
would be straightforward to show that this unambiguously increases welfare, since it would
have a direct beneficial effect on the mediated channel without negatively affecting consumers

25In the same vein, in response of the European Commission’s scrutiny for self-preferencing its own products,
assigning to them the Buy Box with higher frequency in its Marketplace platform, Amazon introduced
a second Buy Box in its European marketplace, offering an alternative seller’s offer side-by-side with the
default one.
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in the direct channel.26

Future research Our setting could be modified to account for other real-world situations,
or to explore other issues. For instance, we have assumed that access prices are exogenously
given, but the model could be made richer by looking at a case where the access price imposed
by the core platform can be targeted to particular services, and endogenise it. Or we could
use our theoretical framework to analyse the acquisition of adjacent platforms to enrich the
ecosystem, rather than assuming that the specialised service is already offered by the core
platform and examining the impact of giving it increased prominence and making it accessible
for users at a lower inconvenience cost.
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Appendix

Proof of Lemma 1

Differentiating the profits of firm 1 and those of firm 2 with respect to x1 and x2 yields (6)
and (A-1), respectively,

Note that for x1(x2) > 0 it must be the case that

∂Π1(0, x2; ·)
∂x1

∣∣∣∣
x1=0

= a
∂q2M(x2, 0)

∂x1
+ 2ρ q1M(0, x2)

∂q1M(0, x2)
∂x1

> 0. (A-1)

Since
∣∣∣∣∂q1M (0,x1)

∂x1

∣∣∣∣ >

∣∣∣∣∂q2M (x2,0)
∂x1

∣∣∣∣ by Assumption 4, then a sufficient condition for ∂Π1(0,x2;·)
∂x1

∣∣∣∣
x1=0

>

0 is that a ≤ 2ρq1M(0, x2) for any x2 ≥ 0.

Similarly, for x2(x1) > 0 it must be the case that

∂Π2(0, x1; ·)
∂x2

∣∣∣∣
x2=0

= 2ρ [q2D(0) + q2M(0, x1)]
[

∂q2D(0)
∂x2

+ ∂q2M(0, x1)
∂x2

]
− a

∂q2M(0, x1)
∂x2

> 0.

(A-2)
Since ∂q2D(0)

∂x2
> 0, then a sufficient condition for ∂Π2(0,x1;·)

∂x2

∣∣∣∣
x2=0

> 0 is that a ≤ 2ρq2M(0, x1).

Using these two sufficient conditions, a sufficient condition for an equilibrium with x⋆
1 > 0

and x⋆
2 > 0 to exist is that

a ≤ 2ρqJM(0, x−J)

Moreover, using (4) to characterize a sufficient condition for platform B2 to be present on
A1, we have an equilibrium if

a ≤ ρ [2q2D(0) + q2M(0, x1)] , ∀ x1 ≥ 0

which will be assumed in the analysis, henceforth

Note that profit concavity also requires the following two conditions to hold:

∂2Π1(x1, x2; ·)
∂x2

1
= a

∂2q2M(x2, x1; ·)
∂x2

1
+2ρ q1M(x1, x2; ·)∂2q1M(x1, x2; ·)

∂2x1
+4ρ

∂q1M(x1, x2; ·)
∂x1

−∂2C(x1)
∂x2

1
< 0,

(A-3)
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and

∂2Π2(x2, x1; ·)
∂x2

2
=2ρ

[
∂q2D(x2)

∂x2
+ ∂q2M(x2, x1; ·)

∂x2

]2

+2ρ [q2D(x2) + q2M(x2, x1; ·)]
[

∂2q2D(x2)
∂x2

2
+ ∂2q2M(x2, x1; ·)

∂x2
2

]

−a
∂2q2M(x2, x1; ·)

∂x2
2

− ∂2C(x2)
∂x2

2
< 0.

(A-4)

which we assume to be satisfied under a sufficiently convex investment cost.

Proof of Lemma 2

First, we prove that x2(x1) falls with tying unambiguously in the relevant parameter range
of a, that is those identified by Lemma 1.

Recall that a situation where there is tying implies a lower σ1 than in the benchmark.
Differentiating totally (7) with respect to σ1 gives:

∂x2(x1, σ2, σ1)
∂σ1

= −
∂2Π2(·)
∂x2∂σ1
∂2Π2(·)

∂x2
2

.

Since the denominator is negative by the second-order condition, the sign of dx2(x1,σ2,σ1)
dσ1

is
the same as the sign of the cross-derivative ∂2Π2(·)

∂x2∂σ1
, i.e.,

∂2Π2(·)
∂x2∂σ1

=2ρ

>0 by Assumption 2︷ ︸︸ ︷
∂q2M(x2, x1, σ2, σ1)

∂σ1

>0 by Assumption 2︷ ︸︸ ︷[
∂q2D(x2)

∂x2
+ ∂q2M(x2, x1, σ2, σ1)

∂x2

]
> 0.

(A-5)

Therefore, we have ∂2Π2(·)
∂x2∂σ1

> 0, which implies that ∂x2(x1)
∂σ1

> 0.

We conclude that, for any given level of investment by firm 1, the best response of firm 2
shifts downwards with tying (that is, ∂x2(x1)/∂σ1 > 0).

Next, using the same procedure as above, the sign of ∂x1(x2)
∂σ1

is the same as the sign of
∂2Π1(·)
∂x1∂σ1

, where
∂2Π1(·)
∂x1∂σ1

= 2ρ
∂q1M(x1, x2, σ1, σ2)

∂σ1

∂q1M(x1, x2, σ1, σ2)
∂x1

< 0 (A-6)

by Assumption 2 and given the fact that ∂2Π1(·)
∂x1∂σ1

= 0 and ∂2q2M (x2,x1)
∂x1∂σ1

= 0.
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Therefore, we have ∂2Π1(·)
∂x2∂σ1

> 0, which implies that ∂x1(x2)
∂σ1

< 0.

We conclude that, for any given level of investment by firm 2, the best response of firm 1
shifts upwards with tying (that is, ∂x1(x2)/∂σ1 < 0).

Proof of Proposition 1

Totally differentiate the two first-order conditions in (6) and (7) with respect to σ1:

∂2Π1

∂x2
1

dx1 + ∂2Π1

∂x1∂x2
dx2 + ∂2Π1

∂x1∂σ1
dσ1 = 0,

∂2Π2

∂x2∂x1
dx1 + ∂2Π2

∂x2
2

dx2 + ∂2Π2

∂x2∂σ1
dσ1 = 0.

(A-7)
Using the stability condition in Assumption 5, let us denote ∆ ≡ ∂2Π1

∂x2
1

∂2Π2
∂x2

2
− ∂2Π1

∂x1∂x2
∂2Π2

∂x2∂x1
> 0.

Solving the 2 × 2 system in (A-7) by Cramer’s rule yields:

dx⋆
1(σ1)
dσ1

=
− ∂2Π1

∂x1∂σ1
∂2Π2
∂x2

2
+ ∂2Π2

∂x2∂σ1
∂2Π1

∂x1∂x2

∆ ,
dx⋆

2(σ1)
dσ1

=
− ∂2Π2

∂x2∂σ1
∂2Π1
∂x2

1
+ ∂2Π1

∂x1∂σ1
∂2Π2

∂x2∂x1

∆ .

Because ∆ > 0, the sign of the above expressions is the same as the sign of their numerators.
We distinguish between the case of strategic substitutability and strategic complementarity:

(i) strategic substitutability implies that ∂2ΠJ

∂xJ ∂x−J
≤ 0. Thus, in this case we have the

numerator of dx⋆
1(σ1)/dσ1:

−

<0 by (A-6)︷ ︸︸ ︷
∂2Π1

∂x1∂σ1

<0︷ ︸︸ ︷
∂2Π2

∂x2
2

+

>0 by (A-5)︷ ︸︸ ︷
∂2Π2

∂x2∂σ1

<0︷ ︸︸ ︷
∂2Π1

∂x1∂x2
< 0

and the numerator of dx⋆
2(σ1)/dσ1

− ∂2Π2

∂x2∂σ1︸ ︷︷ ︸
>0 by (A-5)

∂2Π1

∂x2
1︸ ︷︷ ︸

<0

+ ∂2Π1

∂x1∂σ1︸ ︷︷ ︸
≤0

∂2Π2

∂x2∂x1︸ ︷︷ ︸
<0

> 0

Therefore, the numerator of dx⋆
1(σ1)/dσ1 is ≤ 0 and that of dx⋆

2(σ1)/dσ1 is ≥ 0.

(ii) strategic complementarity implies ∂2ΠJ

∂xJ ∂x−J
≥ 0. Thus, in this case we have the numer-

32



ator of dx⋆
1(σ1)/dσ1:

−

<0 by (A-6)︷ ︸︸ ︷
∂2Π1

∂x1∂σ1

<0︷ ︸︸ ︷
∂2Π2

∂x2
2

+

>0 by (A-5)︷ ︸︸ ︷
∂2Π2

∂x2∂σ1

>0︷ ︸︸ ︷
∂2Π1

∂x1∂x2
,

which is a priori ambiguous. Note that the above condition is negative if

∣∣∣∣ ∂2Π1
∂x1∂σ1
∂2Π2

∂x2∂σ1

∣∣∣∣ >
∣∣∣∣ ∂2Π1

∂x1∂x2
∂2Π2
∂x2

2

∣∣∣∣,
which is always satisfied under Assumption (6)[part (i)].27

Moreover, the numerator of dx⋆
2(σ1)/dσ1 is

− ∂2Π2

∂x2∂σ1︸ ︷︷ ︸
>0 by (A-5)

∂2Π1

∂x2
1︸ ︷︷ ︸

<0

+ ∂2Π1

∂x1∂σ1︸ ︷︷ ︸
≤0

∂2Π2

∂x2∂x1︸ ︷︷ ︸
>0

which is positive if ∣∣∣∣ ∂2Π1
∂x1∂σ1
∂2Π2

∂x2∂σ1

∣∣∣∣ <
∣∣∣∣

∂2Π1
∂x2

1
∂2Π2

∂x2∂x1

∣∣∣∣
which is always satisfied under Assumption (6)[part (ii)]. Therefore, the numerator of
dx⋆

1(σ1)/dσ1 is ≤ 0 and that of dx⋆
2(σ1)/dσ1 is ≥ 0.

Using the above results, we establish that under Assumption 6

dx⋆
1(σ1)
dσ1

< 0,
dx⋆

2(σ1)
dσ1

> 0.

Thus, tying reduces x⋆
2(σ1) and increases x⋆

1(σ1).

27To this end, using (A-5), (A-6), and (A-3) and (A-4), we can rewrite the above expression in terms of
primitives of the model, that is

−
∂q2M

∂σ1

[
∂q2D

∂x2
+ ∂q2M

∂x2

]
∂q1M

∂σ1

∂q1M

∂x1

< −
a ∂2q2M

∂x1∂x2
+ 2ρ

(
∂q1M

∂x2

∂q1M

∂x1
+ q1M

∂2q1M

∂x1∂x2

)
2ρ
[

∂q2D

∂x2
+ ∂q2M

∂x2

]2
+ 2ρ [q2D + q2M ]

[
∂2q2D

∂x2
2

+ ∂2q2M

∂x2
2

]
− a ∂2q2M

∂x2
2

− C ′′
,

where

∂Π2
1(x1, x2)

∂x1∂x2
= a

∂2q2M (x2, x1)
∂x1∂x2

+ 2ρ

(
∂q1M (x1, x2)

∂x2

∂q1M (x1, x2)
∂x1

+ q1M (x1, x2)∂2q1M (x1, x2)
∂x1∂x2

)
.

Note that if C ′′ is sufficiently high, that is, the cost C is sufficiently convex, the condition is satisfied.
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∂2Π1

∂x1∂σ1

∂2Π2

∂x2
2

− ∂2Π2

∂x2∂σ1

∂2Π1

∂x1∂x2
≥ − ∂2Π2

∂x2∂σ1

∂2Π1

∂x2
1

+ ∂2Π1

∂x1∂σ1

∂2Π2

∂x2∂x1

⇔ ∂2Π1

∂x1∂σ1︸ ︷︷ ︸
<0

(
∂2Π2

∂x2
2

− ∂2Π2

∂x2∂x1

)
︸ ︷︷ ︸

<0

− ∂2Π2

∂x2∂σ1︸ ︷︷ ︸
>0

(
∂2Π1

∂x1∂x2
− ∂2Π1

∂x2
1

)
︸ ︷︷ ︸

>0

≥ 0

Proof of Proposition 2

It follows from (9) and (8).

Proof of Proposition 3

Using (8) (without accounting for the effect on the direct channel) and (9), we obtain (10).
The sufficient is reported in (11).

Proof of Proposition 3

Differentiating Firm 2’s profits with respect to σ1 and using the envelope theorem we have:

dΠ⋆
2

dσ1
= ∂Π⋆

2
∂σ1

+ ∂Π⋆
2

∂x1

dx⋆
1(σ1)
dσ1

+ ∂Π⋆
2

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

=0

. (A-8)

We note that the first term is positive:

∂Π⋆
2

∂σ1
= {2ρ [q⋆

2D + q⋆
2M ] − a} ∂q⋆

2M

∂σ1
> 0, (A-9)

because even at a = ā the expression in curly brackets is positive (by Lemma 1), and ∂q⋆
2M

∂σ1
> 0.

Next, let us consider the sign of the second term in (A-8). We observe that

∂Π⋆
2

∂x1
= {2ρ [q⋆

2D + q⋆
2M ] − a} ∂q⋆

2M

∂x1
< 0, (A-10)

34



again because even at a = ā the expression in curly brackets is positive (by Lemma 1), and
∂q⋆

2M

∂x1
< 0.

Therefore, we conclude that tying leads to a decrease firm 2’s profit (that is, dΠ⋆
2/dσ1 > 0).

Proof of Proposition 4

Differentiating Π⋆
1 with respect to σ1 yields the equation in (13). Since a ≤ 2ρq⋆

1M , then a
sufficient condition for tying to be profitable is that

∂q⋆
2M

∂σ1
+ ∂q⋆

2M

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

≥0

+ ∂q⋆
1M

∂σ1
+ ∂q⋆

1M

∂x2

dx⋆
2(σ1)
dσ1︸ ︷︷ ︸

<0

≤ 0,

which we rewrite in terms of total quantities, that is

dx⋆
2(σ1)
dσ1

∂Q⋆
M

∂x2
≤
∣∣∣∣∂Q⋆

1M

∂σ1

∣∣∣∣.

Proof of Proposition 5

Using the same procedure as in Section 3, we obtain the following set of results from (6) and
(7). Specifically, the effect of an increase in σ2 on x2(x1; ·) has the same sign as the sign of

∂2Π2(·)
∂x2∂σ2

= 2ρ
∂q2M(x2, x1; ·)

∂σ2

(
∂q2D(x2)

∂x2
+ ∂q2M(x2, x1; ·)

∂x2

)
︸ ︷︷ ︸

<0

< 0.

Therefore the net effect of an increase in σ2 is clearly negative for any value of x1. In turn,
an increase in σ2 shifts the reaction function of firm 2, x2(x1), downwards.

Next, we characterize the effect of an increase in σ2 on x1(x2; ·), which has the same sign
as the sign of

∂2Π1(·)
∂x1∂σ2

= 2ρ
∂q1M(x1, x2; ·)

∂x1

∂q1M(x1, x2; ·)
∂σ2

> 0,
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as ∂q1M(x1, x2)/∂x1∂σ2 = 0. Similar to the analysis in Lemma 2, the effect of an increase in
σ2 is unambiguous: a higher σ2 shifts upwards the best response of firm 1.

Using the same procedure as in the proof of Proposition 1, we have

dx⋆
1(σ2)
dσ2

=
− ∂2Π1

∂x1∂σ2
∂2Π2
∂x2

2
+ ∂2Π2

∂x2∂σ2
∂2Π2

∂x1∂x2

∆ ,
dx⋆

2(σ2)
dσ2

=
− ∂2Π2

∂x2∂σ2
∂2Π1
∂x2

1
+ ∂2Π2

∂x1∂σ2
∂2Π2

∂x2∂x1

∆ .

Because ∆ > 0, the sign of dx⋆
1(σ2)/dσ2 is the same as the sign of

− ∂2Π1

∂x1∂σ2

∂2Π2

∂x2
2

+ ∂2Π2

∂x2∂σ2

∂2Π2

∂x1∂x2
,

which is positive under strategic substitutability (i.e., ∂2Π2/∂x1∂x2 < 0) and positive, under
our maintained assumptions on diagonal dominance, under strategic complementarity (i.e.,
∂2Π2/∂x1∂x2 > 0). Following the same procedure, we can sign dx⋆

2(σ2)/dσ2, which has the
same sign as the sign of

− ∂2Π2

∂x2∂σ2

∂2Π1

∂x2
1

+ ∂2Π2

∂x1∂σ2

∂2Π2

∂x2∂x1
,

which is always negative under strategic substitutability (i.e., ∂2Π2/∂x1∂x2 < 0) and positive
under our maintained assumptions and under strategic complementarity (i.e., ∂2Π2/∂x1∂x2 >

0). Thus, we can conclude the following:

dx⋆
1(σ2)
dσ2

> 0,
dx⋆

2(σ2)
dσ2

< 0.

Proof of Proposition 6

Totally differentiating Q⋆
2(x⋆

2(σ1), x⋆
1(σ2), σ1) = q⋆

2D + q⋆
2M with respect to σ2, yields

dQ⋆
2(x⋆

2(σ2), x⋆
1(σ2), σ2)

dσ2
= ∂q⋆

2D

∂x2

dx⋆
2(σ2)
dσ2︸ ︷︷ ︸

<0

+ ∂q⋆
2A

∂x2

dx⋆
2(σ3)
dσ2︸ ︷︷ ︸

<0

+ ∂q⋆
2M

dσ2︸ ︷︷ ︸
<0

+ ∂q⋆
2M

∂x1︸ ︷︷ ︸
<0

dx⋆
1(σ2)
∂σ2︸ ︷︷ ︸
>0

< 0,

(A-11)
Likewise, totally differentiating Q⋆

1(x⋆
1(σ2), x⋆

2(σ2), σ2) with respect to σ2 yields

dQ⋆
1(x⋆

1(σ2), x⋆
2(σ2), σ2)

dσ2
= ∂q⋆

1M

∂σ2︸ ︷︷ ︸
>0

+ ∂q⋆
1M

∂x1︸ ︷︷ ︸
>0

dx⋆
1(σ2)
dσ2︸ ︷︷ ︸
>0

+ ∂q⋆
1M

∂x2︸ ︷︷ ︸
<0

dx⋆
2(σ2)
dσ2︸ ︷︷ ︸
<0

> 0. (A-12)
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Therefore, we establish that demotion leads to an increase in the quantities sold by firm 1
and a decrease in the quantities sold by firm 2 (that is, dQ⋆

1/dσ2 > 0, and dQ⋆
2/dσ2 < 0).

Proof of Proposition 7

Differentiating Q⋆
M ≡ Q⋆

M(x⋆
1(σ2), x⋆

2(σ2), σ2) with respect to σ2 yields:

dQ⋆
M

dσ2
= ∂Q⋆

M

∂σ2︸ ︷︷ ︸
<0

+ ∂Q⋆
M

∂x1︸ ︷︷ ︸
>0

dx⋆
1(σ2)
dσ2︸ ︷︷ ︸
>0

+ ∂Q⋆
M

∂x2︸ ︷︷ ︸
>0

dx⋆
2(σ2)
dσ2︸ ︷︷ ︸
<0

, (A-13)

which is a priori ambiguous. Because the first term is negative, a sufficient for (A-13) to be
negative is that ∣∣∣∣∂Q⋆

M

∂x2

dx⋆
2(σ2)
dσ2

∣∣∣∣ ≥
∣∣∣∣∂Q⋆

M

∂x1

dx⋆
1(σ2)
dσ2

∣∣∣∣.

Proof of Proposition 8

Consider now the incentive of firm 1 to engage in demotion. Denoting ΠD
1 ≡ Π1(x⋆

1(σ2), x⋆
2(σ2), σ2)

and differentiating it with respect to σ2 yields:

dΠD
1

dσ2
= a

(
∂q⋆

2M

∂σ2
+ ∂q⋆

2M

∂x2

dx⋆
2

dσ2

)
︸ ︷︷ ︸

≤0

+ 2ρq⋆
1M

(
∂q⋆

1M

∂σ2
+ ∂q⋆

1M

∂x2

dx⋆
2

dσ2

)
︸ ︷︷ ︸

>0

, (A-14)

which is certainly profitable at a = 0, which is also the case of tying. Because a ≤ ρqM
1 , then

a sufficient condition for (A-14) to be positive is that

∂q⋆
1M

∂σ2
+ ∂q⋆

1M

∂x2

dx⋆
2

dσ2
+ ∂q⋆

2M

∂σ2
+ ∂q⋆

2M

∂x2

dx⋆
2

dσ2
> 0,

which can be rewritten as
∂Q⋆

M

∂σ2
>

∣∣∣∣∂Q⋆
M

∂x2

dx⋆
2

dσ2

∣∣∣∣,
exploiting the fact that Q⋆

M ≡ q⋆
1M + q⋆

2M .
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Proof of Lemma 4

Using the same approach as in the case of tying, demotion always harms firm 2.

dΠ⋆
2

dσ2
= {2ρ [q⋆

2D + q⋆
2M ] − a} ∂q⋆

2M

∂σ2
+ {2ρ [q⋆

2D + q⋆
2M ] − a} ∂q⋆

2M

∂x1

dx⋆
1(σ1)
dσ2

< 0,

We establish that firm 2 ’s profits decrease under demotion.

Proof of Lemma 5

Let us compare −∂x2(x1)
∂σ1

(that is, tying) as in the baseline analysis and ∂x2(x1)
∂σ2

(that is demo-
tion). Suppressing the arguments for the sake of exposition, the effect of demotion on the
investment level by firm 2 is (weakly) stronger than the effect of tying if

∂2Π2
∂x2∂σ1
∂2Π2
∂x2

2

≤ −
∂2Π2

∂x2∂σ2
∂2Π2
∂x2

2

⇔ 2ρ
∂q2M(·)

∂σ1

[
∂q2D(·)

∂x2
+ ∂q2M(·)

∂x2

]
≤ −2ρ

∂q2M(·)
∂σ2

(
∂q2D(·)

∂x2
+ ∂q2M(·)

∂x2

)
⇔
(

∂q2M(·)
∂σ1

+ ∂q2M(·)
∂σ2

)
≤ 0.

(A-15)

under Assumption 4 (which implies that own effects are larger than indirect effects). There-
fore, the effect of demotion on the best response of firm 2 is weakly stronger than the effect
of tying on the best response of firm 2.

Next, let us compare −∂x1(x2)
∂σ1

(that is, tying) as in the baseline analysis and ∂x1(x2)
∂σ2

(that
is demotion). The effect of tying on the investment level by firm 1 is weakly stronger than
the effect of demotion as:

−
(

−
∂2Π1

∂x2∂σ1
∂2Π1
∂x2

1

)
≥ −

∂2Π1
∂x1∂σ2
∂2Π1
∂x2

1

⇔ −2ρ
∂q1M(x1, x2)

∂σ1

∂q1M(x1, x2)
∂x1

≥ 2ρ
∂q1M(x1, x2)

∂x1

∂q1M(x1, x2)
∂σ2

⇔ −∂q1M(x1, x2)
∂σ1

≥ ∂q1M(x1, x2)
∂σ2

,

which is always the case under Assumption 4.
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Proof of Proposition 9

We compare (13) with (A-14). Tying is strictly more profitable than demotion (that is,
−dΠ⋆

1/dσ1 > dΠD
1 /dσ2 if

− 2ρ q⋆
1M

[(
∂q⋆

1M

∂σ1
+ ∂q⋆

1M

∂x2

dx⋆
2

dσ1

)
+
(

∂q⋆
1M

∂σ2
+ ∂q⋆

1M

∂x2

dx⋆
2

dσ2

)]

− a

[(
∂q⋆

2M

∂σ1
+ ∂q⋆

2M

∂x2

dx⋆
2

dσ1

)
+
(

∂q⋆
2M

∂σ2
+ ∂q⋆

2M

∂x2

dx⋆
2

dσ2

)]
> 0.

Recall that tying is profitable if

dx⋆
2(σ1)
dσ1

(
∂q⋆

1M

∂x2
+ ∂q⋆

2M

∂x2

)
≤
∣∣∣∣∂q⋆

1M

∂σ1
+ ∂q⋆

2M

∂σ1

∣∣∣∣.
and that 2ρ q⋆

1M > a. Thus, tying is more profitable than demotion if
(

∂q⋆
1M

∂x2
− ∂q⋆

2M

∂x2

)(
dx⋆

2
dσ1

+ dx⋆
2

dσ2

)
︸ ︷︷ ︸

<0

<
∂q⋆

2M

∂σ1
+ ∂q⋆

2M

∂σ2︸ ︷︷ ︸
<0

−∂q⋆
1M

∂σ1
− ∂q⋆

1M

∂σ2︸ ︷︷ ︸
>0

.

Thus, a sufficient condition for tying to be more profitable than demotion is that
∣∣∣∣∂q⋆

2M

∂σ1
+ ∂q⋆

2M

∂σ2

∣∣∣∣ ≤
∣∣∣∣∂q⋆

1M

∂σ1
+ ∂q⋆

1M

∂σ2

∣∣∣∣.
Note that this sufficient condition is always satisfied in the case of a symmetric case (used

in Section 4) where
∂q⋆

1M

∂σ1
= ∂q⋆

2M

∂σ2
,

∂q⋆
1M

∂σ2
= ∂q⋆

1M

∂σ2
.
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