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Abstract. Loertscher and Marx (2021) develop a model of collusive market allocation. In 

procurement auctions, the allocation scheme designates one colluding supplier as the 

active bidder while the other colluders are inactive. The designated active bidder is selected 

ex-ante, before costs are realized, creating inefficiency. We extend the model by allowing the 

colluding suppliers to designate more than one active bidder. We show that inefficiency is 

reduced and the risk of collusive market allocation is increased, without making collusion 

always profitable. We then analyze the effects of mergers and provide initial results.      
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I. Introduction   

Collusion among competitors is a central concern of antitrust enforcement agencies.1 A 

common form of collusion is market allocation, in which competing firms agree to divide 

markets, customers, or geographic territories among themselves, thereby suppressing 

competition without the need for explicit price-fixing on every transaction. Market 

allocation schemes have been the subject of major antitrust enforcement actions by the U.S. 

Department of Justice and competition authorities worldwide (see, e.g., Harrington, 2008; 

Marshall and Marx, 2012). 

The theoretical literature on collusion in procurement auctions provides the foundation for 

this paper. Graham and Marshall (1987) analyze bidding rings in second-price and English 

auctions, showing that a cartel can operate through a pre-auction knockout mechanism in 

which the right to bid is allocated to a single ring member who then bids in the auction 

facing only outside competition.2 We show that antitrust analysis may systematically 

underestimate the risk of collusive market allocation. The reason is that cartels can 

organize more efficiently than the single-bidder benchmark assumes: by allowing limited 

internal competition among multiple designated bidders, a cartel can reduce the inherent 

inefficiency of ex-ante market allocation, thereby relaxing participation constraints and 

enabling profitable market allocation in settings where the single-bidder benchmark 

predicts none. 

Waehrer and Perry (2003) (hereafter, “WP”) analyze the effects of mergers in open-auction 

(second-price) markets, showing how mergers alter bidding incentives and expected 

 
1  The 2023 U.S. Merger Guidelines identify coordinated interaction as a primary theory of harm. 

Coordinated interaction can take many forms, including price fixing, output restriction, market 

allocation, or other conduct that harms the competitive process.  

2  Mailath and Zemsky (1991) extended the analysis to second-price auctions with heterogeneous 

bidders, demonstrating that asymmetries complicate the design of collusive mechanisms but do 

not eliminate the gains from collusion. 



3 
 

procurement costs—results upon which the merger analysis in the present paper builds 

directly. 3  

Loertscher and Marx (2021) (hereafter, “LM”) make an important step forward by 

developing a tractable model of collusive market allocation among competing suppliers.4 In 

their procurement auction model, the allocation scheme designates one of the colluding 

suppliers to be the sole active bidder while the other colluding suppliers are inactive. This 

market allocation scheme is individually rational if each colluding supplier's expected share 

of collusive profits exceeds what it would earn under competition.5 Because the active 

bidder is selected before costs are realized, the model highlights a basic tension: restricting 

participation raises cartel profits by reducing competition, but it also creates allocative 

inefficiency by preventing inactive cartel members from bidding when they happen to have 

a lower cost than the selected active member. 

We extend the LM model under power-based cost distributions by allowing the colluding 

suppliers to designate more than one active bidder. We show that the inefficiency is 

reduced and the risk of collusion is increased. The economic intuition is simple: allowing 

multiple designated bidders introduces limited internal competition within the cartel, 

which reduces the inefficiency created by ex-ante designation. That efficiency gain in turn 

can relax cartel participation constraints, so that collusive market allocation may be 

 
3  The paper focuses on second-price (open) auctions. Extension to first-price (sealed-bid) 

auction settings is left for future research. While the equivalence theorem applies when 

symmetric bidders compete (see, e.g., Myerson 1981), second-price auctions are more 

vulnerable to bidder collusion than first-price auctions (see, e.g., Robinson 1985). Furthermore, 

they are vulnerable to collusion even without side payments, a result that does not extend to 

first-price auctions (see, e.g., Marshall and Marx, 2009). De Stefano et al. (2026) analyze market 

allocation in a Bertrand price competition model (with differentiated products) that can be 

interpreted as a first-score auction where bidders know the costs of other bidders.   

4  LM consider procurement auction markets and also Bertrand price competition markets. 

5  LM derive a coordinated effects index (CEI) that quantifies the risk of such collusion and show 

how it depends on the number of competitors, the degree of asymmetry, buyer power, and 

outside competition. De Villiers (2023) provides an empirical application of the CEI as a 

screening tool in pre-merger analysis. 
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profitable also in settings where the single-bidder benchmark predicts that it is 

unprofitable.6 The result that allowing for multiple designated bidders expands the scope 

for profitable market allocation has important implications for antitrust enforcement. It 

suggests that antitrust authorities may underestimate the risk of collusive market 

allocation if they restrict attention to single-bidder cartels. Note, however, that allowing for 

potential multiple-bidder cartels does not make market allocation always profitable, and 

thus it remains important to identify markets that are at risk of collusive market allocation 

versus markets that are not at risk.    

We then examine how mergers among cartel members affect the profitability of collusive 

market allocation. In the case with a single designated active bidder, we show that a merger 

of two ex-ante symmetric cartel members increases (decreases) the risk of collusive market 

allocation when the merging firms are relatively small (large) compared to other cartel 

members. Furthermore, given any combined share of the two merging cartel members, the 

merger tends to increase the risk of collusive market allocation if the two merging firms are 

sufficiently asymmetric. In the case with ex-ante symmetric suppliers, we show that a 

merger of two cartel members cannot eliminate the risk of collusive market allocation with 

multiple designated active bidders.  

We also examine mergers involving a member of the potential cartel and an “outsider” (i.e., 

a competitor that is not a member of the potential cartel). We consider both the case where 

the acquired outsider is a “maverick” (as defined in LM) and the case where it is not a 

maverick. Our preliminary analysis focuses on ex-ante symmetric suppliers and suggests 

that the results in LM extend to the case with multiple designated active bidders.     

 
6  However, as in LM, we find that collusive market allocation is not always profitable. In the 

Appendix, we consider a different extension of the LM model, in which the cartel initially 

designates a single active bidder, but the right to bid can be reallocated after costs are realized 

through an internal auction among cartel members. Such interim reallocation mechanism also 

reduces the inefficiency from ex-ante designation and increases the scope for collusion. Again, 

allocative efficiency is not fully restored and collusive market allocation is not always profitable. 
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Section II presents the model and the main results. Section III analyzes merger effects, and 

Section IV concludes. Appendix A contains proofs and Appendix B analyzes a variant in 

which the designated bidder can reallocate the right to bid after costs are realized.         

II. Model with multiple designated bidders  

We consider a second-price auction with one buyer and 𝑛 ≥ 2 potential suppliers indexed 

by 𝑖 ∈ {1, … , 𝑛}. The buyer wants to procure one unit of an indivisible good, and 𝑐𝑖 denotes 

supplier 𝑖’s cost of providing the good. The costs 𝑐𝑖 are identically and independently 

distributed over [0,1] with CDF 𝐺(𝑐; 𝛼) = 1 − (1 − 𝑐)𝛼 and PDF 𝑔(𝑐; 𝛼) = 𝛼(1 − 𝑐)𝛼−1, 

where 𝛼 > 0.7 The buyer has a willingness to pay 𝑣 ≥ 1, and sets a reserve price 𝑟 = 1.8  

Lemma 1 below follows directly from Lemma 1 in WP.   

Lemma 1. Under no collusion, the equilibrium ex-ante expected profit of each supplier, 

expected cost of the winning supplier, and expected price paid by the buyer are, 

respectively:    

𝜋0(𝑛) = ∫ [(1 − 𝑐)(𝑛−1)𝛼 − (1 − 𝑐)𝑛𝛼]𝑑𝑐
1

0

=
𝛼

((𝑛 − 1)𝛼 + 1)(𝑛𝛼 + 1)
; 

   

𝑐0(𝑛) = ∫ 𝑐 𝑔(𝑐; 𝑛𝛼) 𝑑𝑐
1

0

= ∫ (1 − 𝑐)𝑛𝛼  𝑑𝑐
1

0

=
1

𝑛𝛼 + 1
; 

 

𝑝0(𝑛) = 𝑐0(𝑛) + 𝑛𝜋0(𝑛) =
(2𝑛 − 1)𝛼 + 1

((𝑛 − 1)𝛼 + 1)(𝑛𝛼 + 1)
. 

 
7  𝛼 = 1 corresponds to the uniform distribution and 𝛼 > 1 (𝛼 < 1) corresponds to distributions 

skewed towards low (high) costs. LM and WP allow for firm-specific parameters 𝛼𝑖  (and we will 

as well in Proposition 2).     

8     Therefore, the buyer’s procurement auction is efficient, as in LM § 3.2. While this assumption is 

standard, it could be relaxed along the lines of WP. If the buyer can set a reserve price 𝑟 < 1, i.e., 

can commit not to trade with positive probability, the analysis of collusive market allocation 

changes because the reserve price limits the cartel's market power.  
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Lemma 1 implies that, in the absence of collusion, an increase in the number 𝑛 of suppliers 

increases efficiency in that the expected cost 𝑐0 decreases, increases competition in that the 

expected profit 𝜋0 of a supplier decreases, and increases the buyer’s welfare in that the 

expected price 𝑝0 decreases. An increase in the skewness parameter 𝛼 also increases 

efficiency and reduces both 𝑐0 and 𝑝0 but the effect on competition and 𝜋0 is ambiguous.9   

Suppose 𝑘 ≥ 2 suppliers collude through market allocation and designate 𝑚 ≤ 𝑘 active 

bidders, while the remaining 𝑛 − 𝑘 ≥ 0 suppliers do not collude.       

Lemma 2. Under market allocation among 𝑘 suppliers and 𝑚 designated bidders, the 

equilibrium ex-ante expected profit of each colluding supplier, expected cost of the winning 

supplier, and expected price paid by the buyer are:    

𝜋𝑀𝐴
𝑖𝑛 (𝑘, 𝑚) =

𝑚

𝑘
𝜋0(𝑛 − 𝑘 + 𝑚); 

   
𝑐𝑀𝐴(𝑘 − 𝑚) = 𝑐0(𝑛 − 𝑘 + 𝑚);  
 

𝑝𝑀𝐴(𝑘 − 𝑚) = 𝑝0(𝑛 − 𝑘 + 𝑚). 

Lemma 2 follows from Lemma 1 and the fact that market allocation reduces the number of 

active bidders from 𝑛 to 𝑛 − 𝑘 + 𝑚. Thus, when 𝑚 < 𝑘, the number of active bidders 

decreases by 𝑘 − 𝑚 and thus the expected cost and price increase. The expected profit of a 

supplier (conditional on bidding) increases from 𝜋0(𝑛) to 𝜋0(𝑛 − 𝑘 + 𝑚), but each 

colluding supplier is selected as designated bidder only with probability 𝑚 𝑘⁄ .10   

For a colluding supplier, participation in the market allocation scheme with the other 𝑘 − 1 

colluding suppliers is profitable if and only if 𝜋𝑀𝐴
𝑖𝑛 (𝑘, 𝑚) > 𝜋0(𝑛), i.e.:  

 
9     For low values of 𝛼 and 𝑛, an increase in 𝑛 increases 𝑛𝜋0 and an increase in 𝛼 increases 𝜋0, i.e., 

sign[𝑑(𝑛𝜋0)/𝑑𝑛]=sign[1 − 𝛼 − 𝛼2𝑛2] and sign[𝑑𝜋0/𝑑𝛼]=sign[1 − (𝑛 − 1)𝑛𝛼2].  

10     When 𝑚 < 𝑘 < 𝑛, the result that each colluding supplier earns a lower ex-ante expected profit 

than a non-colluding supplier hinges on our symmetry and independence assumptions.   
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𝑚

𝑘
>  

𝜋0(𝑛)

𝜋0(𝑛 − 𝑘 + 𝑚)
.                        

Intuitively, a supplier is willing to participate in the allocation scheme if and only if the 

market is allocated to the supplier with a sufficiently high probability (or a sufficiently large 

share of the geographic areas or products or customers are allocated to the supplier). Given 

ex-ante symmetry, participation in the market allocation scheme is individually rational if 

and only if the probability of being selected as an active bidder (i.e., 𝑚 𝑘⁄ ) is larger than the 

supplier’s critical selection probability (i.e., the right-hand side of the above inequality).11     

Proposition 1. Given 𝑛 (total number of suppliers) and 𝑘 (number of colluding suppliers), 

designating 𝑚 active bidders (with 2 ≤ 𝑚 ≤ 𝑘 ≤ 𝑛) generates higher ex-ante expected 

profit for the colluders than designating 𝑚 − 1 if and only if: 

𝑚 ≤ 𝑛 − 𝑘 +
1

𝛼
                                                                                                                 (1) 

and, therefore, the optimal number of active colluding suppliers is:  

𝑚̅ = max {1, min {𝑘, floor (𝑛 − 𝑘 +
1

𝛼
)}}.                                                                (2)    

Proposition 1 follows from simplifying 𝜋𝑀𝐴
𝑖𝑛 (𝑘, 𝑚) ≥ 𝜋𝑀𝐴

𝑖𝑛 (𝑘, 𝑚 − 1) into (1), and observing 

that, if (1) is satisfied for a given value of 𝑚, it is satisfied for all lower values. The intuition 

is simple: permitting additional designated bidders can increase cartel profits because it 

reduces inefficiency, but only up to the point where the reintroduction of competition 

within the cartel offsets that gain. 

 
11     Like LM, we ignore incentive compatibility. For a model with 𝑛 = 2 and incentive compatibility 

constraints, see Iossa et al. (2024). In a Bertrand competition context with 𝑛 ≥ 3, De Stefano et 

al. (2026) show that designating more than one active supplier can allow the cartel to relax 

incentive compatibility constraints. (It also likely can make it more difficult to detect collusion.)           
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Corollary 1 below makes use of the fact that 𝑚 = 𝑘 corresponds to no collusion: if (1) is 

satisfied for 𝑚 = 𝑘, then 𝑚̅ = 𝑘 and thus market allocation among 𝑘 suppliers is 

unprofitable.  

Corollary 1.       

(i) Market allocation between two suppliers (𝑘 = 2) is profitable (𝑚̅ = 1) if and 

only if either {𝑛 = 2, 𝛼 >
1

2
} or {𝑛 = 3, 𝛼 > 1}; 

(ii) market allocation among three suppliers (𝑘 = 3) is profitable if and only if  

either {𝑛 = 3, 𝛼 >
1

3
, with either 𝑚̅ = 2 if 𝛼 ≤

1

2
 or 𝑚̅ = 1 if 𝛼 >

1

2
},  

or {𝑛 = 4, 𝛼 >
1

2
, with either 𝑚̅ = 2 if 𝛼 ≤ 1 or 𝑚̅ = 1 if 𝛼 > 1},  

or {𝑛 = 5, 𝛼 > 1, with 𝑚̅ = 2};   

(iii) all-inclusive market allocation among all suppliers (𝑘 = 𝑛) is profitable if and 

only if 𝛼 >
1

𝑛
, with 𝑚̅ = max {1, floor (

1

𝛼
)}.   

Corollary 1 illustrates two intuitive results. First, holding the number 𝑘 of colluding bidders 

constant, collusion through market allocation is less likely to be profitable when the total 

number 𝑛 of suppliers is larger or when the skewness parameter 𝛼 is smaller. A larger 𝑛 

(given 𝑘) implies a larger number of non-colluding bidders, which tends to reduce the 

profits of the colluding suppliers by a larger amount when they collude than when they do 

not collude. A lower 𝛼 means that suppliers are less efficient (i.e., the cost distribution is 

more skewed toward high costs), which tends to make collusion less profitable because it 

removes competition from less efficient rivals. Second, holding 𝑛 constant, market 

allocation is more likely to be profitable when 𝑘 is larger. For example, when 𝑛 = 4, market 

allocation between two firms is always unprofitable, but is profitable among three firms if 

𝛼 > 0.5, and among all four firms if 𝛼 > 0.25.  

Interestingly, market allocation can be unprofitable initially and become profitable if the 

number of suppliers increases. For example, suppose 𝛼 = 0.3 and 𝑛 = 3. Market allocation 

(with either 𝑘 = 2 or 𝑘 = 3) is unprofitable. However, if a 4th supplier enters, market 

allocation with 𝑘 = 4 and 𝑚̅ = 3 becomes profitable. Intuitively, when there is no collusion, 
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an increase in 𝑛 from 3 to 4 reduces the total expected profits from 3𝜋0(3) to 4𝜋0(4) due to 

increased competition.12 When instead all the suppliers engage in market allocation, the 

total expected profits remain equal to 3𝜋0(3) because (i) for 𝑛 = 3 market allocation is 

unprofitable, and (ii) for 𝑛 = 4 it is profitable but 𝑚̅ = 3, so that the number of active 

bidders does not change. That means that an increase in 𝑛 shrinks the size of the “pie” that 

suppliers divvy up among themselves when they compete, but the “pie” does not shrink 

when all suppliers collude. Thus, in this example, as the number of suppliers increases, the 

expected profit of a supplier decreases “faster” under competition than under all-inclusive 

market allocation.   

Table 1. Colluders' Expected Profit When 𝑘 = 𝑛 = 6, by Number of Designated Bidders 

        

Number of  
Designated Bidders (m) 

𝛼 = 1 𝛼 = 0.75 𝛼 = 0.5 𝛼 = 0.4 𝛼 = 0.3 𝛼 = 0.2 𝛼 = 0.1 

1 (Loertscher & Marx) 0.083 0.071 0.056 0.048 0.038 0.028 0.015 

2 0.056 0.057 0.056 0.053 0.048 0.040 0.025 

3 0.042 0.046 0.050 0.051 0.049 0.045 0.032 

4 0.033 0.038 0.044 0.047 0.048 0.046 0.037 

5 0.028 0.033 0.040 0.043 0.045 0.046 0.040 

6 (no collusion) 0.024 0.029 0.036 0.039 0.043 0.045 0.042 

 

Table 1 illustrates part (iii) of Corollary 1 for all-inclusive market allocation among six 

firms (𝑘 = 𝑛 = 6). Each column corresponds to a different value of the 𝛼 parameter and 

each row corresponds to a different number 𝑚 of designated active bidders. The bolded 

cells in Table 1 show the cartel’s optimal number of designated active bidders. For example, 

when 𝛼 = 1 it is optimal to designate a single bidder, when 𝛼 = 0.4 it is optimal to 

designate two bidders, and when 𝛼 = 0.2 it is optimal to designate five bidders. In this 

 
12  See supra note 9 and observe that 𝛼 = 0.3 and 𝑛 = 3 imply 1 − 𝛼 − 𝛼2𝑛2 < 0.  
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example, when 𝛼 = 0.1 collusion through market allocation is unprofitable for any number 

of designated bidders. 

When 𝛼 = 0.2 or 𝛼 = 0.3, market allocation is unprofitable if one assumes that the cartel 

designates only one active bidder (as LM’s model assumes) but is profitable if the cartel 

instead can designate more than one active bidder. Intuitively, allowing for multiple 

designated bidders expands the scope for collusion because it reduces the inherent 

inefficiency of ex-ante market allocation.13         

III. Merger effects   

In this section, we analyze the effects of mergers on the risk of collusive market allocation. 

We first consider “mergers of insiders” where the two merging firms are members of the 

potential cartel. We then consider “mergers of an insider and an outsider” where a member 

of the potential cartel acquires a competitor outside the potential cartel and remains a 

member of the potential cartel.   

III.1. Mergers of insiders    

We consider the LM model where the cartel designates only one active bidder, i.e., 𝑚 = 1, 

and where suppliers are ex-ante asymmetric, i.e., 𝑐𝑖 is independently distributed over [0,1] 

with CDF 𝐺(𝑐; 𝛼𝑖) = 1 − (1 − 𝑐)𝛼𝑖 , where 𝛼𝑖 > 0 for all 𝑖 ∈ 𝑁 = {1,2, … , 𝑛} and 𝑛 ≥ 3. We 

follow WP and LM, and refer to 𝛼𝑖 as supplier 𝑖’s “capacity” or “strength” because, under no 

collusion, supplier 𝑖’s market share equals 𝛼𝑖 𝛼̃⁄ , where 𝛼̃ = ∑ 𝛼𝑗𝑁  is the total capacity of all 

the suppliers. Let 𝛼̃−𝐾 = ∑ 𝛼𝑖𝑁/𝐾  be the total capacity of the non-colluding suppliers.  

 
13  We focus on the profitability of collusion from the cartel’s perspective. A welfare analysis 

comparing buyer surplus, total surplus, and allocative efficiency under different collusion 

regimes (no collusion, collusion with a single designated bidder, and collusion with an optimal 

number of designated bidders) is left for future research. Interestingly, allowing for multiple 

designated bidders has two opposite effects on the buyer’s welfare. First, it increases the risk of 

collusion, which tends to make the buyer worse off. Second, when collusion is profitable with a 

single designated bidder, it increases the number of active bidders (when the cartel finds it 

optimal to designate more than one bidder), which tends to make the buyer better off.     
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Proposition 2. Consider a cartel with 𝑘 > 2 members among 𝑛 ≥ 3 suppliers, and assume 

the cartel can select only one active bidder, i.e., 𝑚 = 1 (as in LM). Suppose suppliers 1 and 2 

belong to the potential cartel and merge into firm 𝑀. Let 𝛼𝑀 = 𝛼1 + 𝛼2 be the combined 

capacity of firm 𝑀.14     

(i) For any given 𝛼𝑀, the merger increases the risk of collusive market allocation if 

the merging firms are sufficiently asymmetric.     

(ii) If the merging firms are symmetric (i.e., 𝛼1 = 𝛼2 = 𝛼𝑀 2⁄ ) then the merger 

increases the risk of collusive market allocation if and only if: 

(1 + 𝛼̃−𝐾)(2 + 2𝛼̃ − 3𝛼𝑀) > 𝛼𝑀
2.     

(iii) If the merging firms are asymmetric and their combined capacity 𝛼𝑀 satisfies 

(1 + 𝛼̃−𝐾)(2 + 2𝛼̃ − 3𝛼𝑀) > 𝛼𝑀
2, then the merger increases the risk of collusive 

market allocation. 

The proof is in Appendix A. LM explain that, generally, a merger of colluding firms has an 

ambiguous effect on the profitability of collusive market allocation because the merged firm 

is more efficient than the merging firms operating as independent entities. That increases 

both the merged firm’s profit under collusion (conditional on being the selected active 

bidder) and its profit in the absence of collusion. Because either effect can dominate, the 

risk of collusive market allocation can increase or decrease as a result of the merger.   

Proposition 2 provides more details (than Proposition 3 in LM) under the assumption that 

firms’ costs are drawn from power-based distributions. It shows that, given the combined 

capacity of the merging firms, the more heterogeneous the merging firms are, the more the 

merger increases the risk of collusive market allocation. It further shows that the merger is 

more likely to increase the risk of collusive market allocation when the merging firms have 

a relatively small combined capacity.   

 
14  The cost distribution of firm 𝑀 is the distribution of min{𝑐1, 𝑐2}. Its CDF is 1 − (1 − 𝑐)𝛼1+𝛼2 . 

That is consistent with the assumption in Loertscher and Marx (2021): “we assume […] that 

merging suppliers rationalize production by producing at the lower of their two costs.”  
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Let 𝛼̃𝐾,𝑛 be the sum of 𝛼𝑖 across all colluding firms other than the merging firms 1 and 2. 

Then, 𝛼̃ = 𝛼̃−𝐾 + 𝛼̃𝐾,𝑛 + 𝛼𝑀 . The condition in Proposition 2 above can be written as: 

(1 + 𝛼̃−𝐾)(2 + 2𝛼̃−𝐾 + 2𝛼̃𝐾,𝑛 − 𝛼𝑀) > 𝛼𝑀
2   

It follows that, given the combined capacity 𝛼𝑀 of the merging firms, the merger is more 

likely to increase the risk of collusive market allocation when (i) the total capacity 𝛼̃−𝐾 of 

non-colluding suppliers is larger, or (ii) the total capacity 𝛼̃𝐾,𝑛 of colluding suppliers other 

than the merging firms is larger. 

When there is no risk of collusive market allocation, a merger of two relatively small 

insiders can create that risk, as shown by Example 1 below. That is consistent with 

Proposition 3 in LM. Example 2 further shows that, conversely, when there is a risk of 

collusive market allocation, a merger of two relatively large insiders can eliminate that risk.       

Example 1. Assume 𝑘 = 𝑛 = 3, 𝛼1 = 𝛼2 = 0.3, and 𝛼3 = 0.5. Thus, 𝛼̃−𝐾 = 0 and 𝛼̃ = 1.1. 

Pre-merger, there is no risk of collusive market allocation because:  

∑
(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑖)

(1 + 𝛼̃ − 𝛼𝑖)(1 + 𝛼̃)
𝑖={1,2,3}

= ∑
1 + 𝛼𝑖

(2.1 − 𝛼𝑖) × 2.1
𝑖={1,2,3}

= 1.134 > 1 

A merger of firms 1 and 2 creates a risk of collusive market allocation because: 

1 + 𝛼1 + 𝛼2

(1 + 𝛼̃ − 𝛼1 − 𝛼2)(1 + 𝛼̃)
+

1 + 𝛼3

(1 + 𝛼̃ − 𝛼3)(1 + 𝛼̃)
= 0.954 < 1 

Example 2. Assume 𝑘 = 𝑛 = 3, 𝛼1 = 𝛼2 = 1, and 𝛼3 = 0.05. Thus, 𝛼̃−𝐾 = 0 and 𝛼̃ = 2.05. 

Pre-merger, there is a risk of collusive market allocation because:  

∑
(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑖)

(1 + 𝛼̃ − 𝛼𝑖)(1 + 𝛼̃)
𝑖={1,2,3}

= ∑
1 + 𝛼𝑖

(3.05 − 𝛼𝑖) × 3.05
𝑖={1,2,3}

= 0.754 < 1 

A merger of firms 1 and 2 eliminates the risk of collusive market allocation because: 

1 + 𝛼1 + 𝛼2

(1 + 𝛼̃ − 𝛼1 − 𝛼2)(1 + 𝛼̃)
+

1 + 𝛼3

(1 + 𝛼̃ − 𝛼3)(1 + 𝛼̃)
= 1.052 > 1 
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We next consider the model of Section II where the cartel can designate more than one 

active bidder (i.e., 𝑚 ≥ 1) and, for simplicity, suppliers are ex-ante symmetric.  

Proposition 3. Assume the 𝑛 suppliers are ex-ante symmetric and a cartel of 𝑘 suppliers 

would find it profitable to engage in market allocation and would optimally designate 𝑚 

active bidders, where 𝑚 ≥ 2, 𝑘 ≥ 𝑚 + 2, and 𝑛 ≥ 𝑘. A merger of two cartel members 

increases the profitability of collusive market allocation.   

The proof is in Appendix A. Intuitively, a merger among potential colluders expands the 

scope for collusion because it creates “slack” in the participation constraints, in the sense 

that the critical selection probability is lower for the merged firm than for the independent 

merging firms pre-merger.  

Proposition 3 implies that, if there is a risk of collusive market allocation pre-merger, then a 

merger of insiders cannot eliminate that risk. Consistent with Proposition 3, Example 3 

below shows that a merger of insiders can create a risk of collusive market allocation by 

making it profitable in situations where it was not profitable pre-merger.   

Example 3. Assume 𝛼 = 1.4, 𝑛 = 8, and 𝑘 = 5. Collusive market allocation is unprofitable 

both pre-merger and post-merger when 𝑚 = 1, and it is unprofitable pre-merger but 

profitable post-merger when 𝑚 = 2. (The calculations are in Appendix A.)     

III.2. Mergers of an insider and an outsider     

We now turn to the case where a member of the potential cartel acquires a competitor 

outside the cartel and remains a member of the potential cartel post-merger, so that the 

merger increases the size of the potential cartel.      

Proposition 4. Assume there are 𝑛 ≥ 4 ex-ante symmetric suppliers and a potential cartel of 

𝑘 = 3 suppliers would find it unprofitable to engage in market allocation, i.e., the critical 

selection probability when 𝑚 ∈ {1,2} is higher than 𝑚 3⁄ . Suppose a cartel member 

acquires a competitor outside the cartel and remains a member of the potential cartel.   
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(i) When 𝑛 = 4, market allocation is unprofitable pre-merger if and only if 𝛼 ≤ 0.5, 

and becomes profitable post-merger if and only if 𝛼 > (√41 − 1) 20⁄ ≅ 0.270.       

(ii) When 𝑛 = 5, market allocation is unprofitable pre-merger if and only if 𝛼 ≤ 1, 

and becomes profitable post-merger if and only if 𝛼 > (√41 + 1) 20⁄ ≅ 0.370.       

(iii) When 𝑛 = 6, market allocation is unprofitable pre-merger for all 𝛼, and becomes 

profitable post-merger if and only if 𝛼 > (√41 + 3) 16⁄ ≅ 0.588. 

(iv) When 𝑛 = 7, market allocation is unprofitable pre-merger for all 𝛼, and becomes 

profitable post-merger if and only if 𝛼 > (√41 + 5) 8⁄ ≅ 1.425. 

(v) When 𝑛 ≥ 8, market allocation is unprofitable both pre-merger and post-merger 

(for all 𝛼).   

The proof is in Appendix A. Intuitively, the insider–outsider merger has two effects on the 

incentives for collusive market allocation. First, the merged firm has parameter 2𝛼, making 

it a more efficient bidder. Thus, it earns higher profits both in the absence of collusion and 

also under market allocation when it is an active bidder, with the latter effect dominating 

the former. That lowers the merged firm’s critical selection probability, i.e., it is more willing 

to participate in the cartel than pre-merger.  

Second, the number of outsiders falls from 𝑛 − 3 to 𝑛 − 4. With fewer competitors outside 

the cartel, collusion is more attractive for all cartel members. For 𝑛 ≤ 7, the two effects can 

tip the balance toward profitable market allocation when suppliers are efficient enough 

(i.e., 𝛼 is sufficiently high). For 𝑛 ≥ 8, competition from outsiders remains strong enough, 

even after losing one of them, to prevent profitable market allocation.   

The proof in Appendix A shows the following. Pre-merger, if market allocation is 

unprofitable when 𝑚 = 2, it is also unprofitable when 𝑚 = 1. Similarly, post-merger, if 

market allocation is profitable when 𝑚 = 1, it is also profitable when 𝑚 = 2. That is 

consistent with the paper’s central finding that allowing multiple designated bidders 

expands the scope for collusive market allocation. For example, with 𝑚 = 1, the insider–

outsider merger never enables collusive market allocation when 𝑛 = 7 (competition from 

outsiders remains too strong) but, with 𝑚 = 2, market allocation becomes profitable for 
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𝛼 ≥ 1.425. That illustrates the paper’s policy point: restricting analysis to single-bidder 

cartels can understate the risk of collusion.  

Proposition 4 above is related to Proposition 4 in LM as follows. According to LM’s 

definition of a maverick, when 𝑛 = 5 each of the two outsiders is a maverick pre-merger if 

and only if 𝛼 ∈ (0.5,1] because (a) market allocation is unprofitable pre-merger (see part 

(ii)), and (b) market allocation would be profitable pre-merger if one of the two outsiders 

were not in the market (see part (i)). It then follows from part (ii) that the acquisition of a 

maverick by a cartel member always creates a risk of collusive market allocation.  

Similarly, when 𝑛 = 6 each of the three outsiders is a maverick pre-merger if and only if 

𝛼 > 1 because (a) market allocation is unprofitable pre-merger (see part (iii)), and (b) 

market allocation would be profitable pre-merger if one of the three outsiders were not in 

the market (see part (ii)). Again, part (iii) implies that the acquisition of a maverick by a 

cartel member always creates a risk of collusive market allocation.       

To summarize, Proposition 4 in LM implies that, when suppliers are ex-ante symmetric, the 

acquisition of a maverick by a cartel member always creates a risk of collusive market 

allocation. Our Proposition 4 extends LM’s result to the case where the cartel can designate 

more than a single active bidder. (Proposition 4 in LM also shows that, when suppliers are 

ex-ante asymmetric, the acquisition of a maverick by a cartel member does not always 

create a risk of collusive market allocation. We conjecture that result also extends to our 

framework.)     

III. Conclusion  

This paper extends the LM model of collusive market allocation in procurement auctions to 

the case where the potential cartel can designate more than one active bidder. Such 

extended model can be useful because the LM model with a single designated bidder builds 

in an ex-ante inefficiency: the cartel restricts bidding before costs are realized. Allowing 

multiple designated bidders reduces that inefficiency and can therefore increase the risk of 

collusive market allocation.  
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LM found that mergers among potential colluders generally can increase or decrease the 

risk of collusive market allocation. Under power-based cost distributions, we find that they 

can increase (decrease) the risk of collusive market allocation when the combined capacity 

of the merging firms is relatively small (large).      

The paper’s broader implication is that antitrust analysis grounded in the assumption of a 

single designated bidder may understate the actual risk of collusive market allocation. 

Furthermore, our results suggest that merger review in procurement settings should 

evaluate whether collusive market allocation is profitable under alternative plausible 

assumptions regarding cartel organization and behavior. The paper focuses on 

procurement auctions and cartels that can designate more than one active bidder or, more 

generally, that can allocate a market to more than one cartel member.     

In Appendix B, we analyze a variant where the cartel can designate only one active bidder 

but, after costs are realized, the designated bidder can reallocate the right to bid to another 

cartel member. We show that such interim reallocation increases the profitability and thus 

the risk of collusive market allocation. (For that variant, we did not analyze the effect of 

mergers. We leave that to future research.)         

Our analysis and results have important implications for antitrust enforcement. If the 

agencies analyze the risk of collusive market allocation by assuming that a potential cartel 

would select a single cartel member to be the active bidder, then that assumption 

potentially could lead to under-detection of collusive market allocation schemes. In 

particular, it may be optimal for a cartel to select more than one active bidder and, in fact, 

the ability to select multiple active bidders can lead to collusive market allocation in 

situations where no collusion would occur if the cartel could designate only one active 

bidder.  (Similarly, if the designated bidder can reallocate the right to bid after costs are 

realized, then collusive market allocation can arise in situations where it would not 

otherwise.)    
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Appendix A: Proofs 

A.1. Proof of Proposition 2  

Let 𝑁 = {1,2, … , 𝑛} denote the set of all potential suppliers pre-merger, where 𝑛 ≥ 3. 

Assume the CDF of supplier 𝑖’s cost, 𝑐𝑖, is 1 − (1 − 𝑐)𝛼𝑖 where 𝛼𝑖 > 0 for all 𝑖 ∈ 𝑁, and let 

𝛼̃ = ∑ 𝛼𝑖𝑁 . Let 𝐾 denote the subset of the 𝑘 > 2 potential suppliers that might engage in 

collusive market allocation pre-merger, 𝑁 𝐾⁄  denote the subset of the other (non-colluding) 

suppliers, and 𝛼̃−𝐾 = ∑ 𝛼𝑖𝑁/𝐾 . Assume 𝑚 = 1, as in LM. We use Lemma 1 in WP to calculate 

expected profits under alternative assumptions. 

Pre-Merger 

The ex-ante expected profit of firm 𝑖 in the absence of collusion is: 

𝜋0,𝑖(𝑝𝑟𝑒) = ∫ [(1 − 𝑐)𝛼̃−𝛼𝑖 − (1 − 𝑐)𝛼̃] 𝑑𝑐 =
1

0

𝛼𝑖 

(1 + 𝛼̃ − 𝛼𝑖)(1 + 𝛼̃)
                              

The expected profit of colluding firm 𝑖 conditional on the cartel selecting it to be the active 

bidder is:  

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒) = ∫ [(1 − 𝑐)𝛼̃−𝐾 − (1 − 𝑐)𝛼̃−𝐾+𝛼𝑖] 𝑑𝑐 =

1

0

𝛼𝑖 

(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑖)
 

Post-Merger  

Assume that suppliers 1 and 2 belong to 𝐾 and merge into firm 𝑀. Let 𝛼𝑀 = 𝛼1 + 𝛼2. The 

ex-ante expected profit of firm 𝑀 in the absence of collusion is: 

𝜋0,𝑀(𝑝𝑜𝑠𝑡) = ∫ [(1 − 𝑐)𝛼̃−𝛼𝑀 − (1 − 𝑐)𝛼̃] 𝑑𝑐 =
1

0

𝛼𝑀

(1 + 𝛼̃ − 𝛼𝑀)(1 + 𝛼̃)
    

The expected profit of firm 𝑀 conditional on the cartel selecting it to be the active bidder is: 

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡) = ∫  [(1 − 𝑐)𝛼̃−𝐾 − (1 − 𝑐)𝛼̃−𝐾+𝛼𝑀] 𝑑𝑐 =

1

0

𝛼𝑀

(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑀)
 

The post-merger ex-ante expected profits of the non-merging members of 𝐾 are the same 

as pre-merger. 
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Collusive market allocation is profitable pre-merger if there exist selection probabilities 𝑝𝑖 

such that ∑ 𝑝𝑖𝐾 ≤ 1 and each 𝑝𝑖 is greater than the critical selection probability 𝑝̅𝑖: 

𝑝𝑖 ≥ 𝑝̅𝑖 =
𝜋0,𝑖(𝑝𝑟𝑒)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒)

=
(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑖)

(1 + 𝛼̃ − 𝛼𝑖)(1 + 𝛼̃)
 

Post-merger, it is profitable if the previous condition holds for non-merging members of 𝐾 

and the following condition holds for firm 𝑀: 

𝑝𝑀 ≥ 𝑝̅𝑀 =
(1 + 𝛼̃−𝐾)(1 + 𝛼̃−𝐾 + 𝛼𝑀)

(1 + 𝛼̃ − 𝛼𝑀)(1 + 𝛼̃)
 

and 𝑝𝑀 + ∑ 𝑝𝑖𝐾/𝑀 ≤ 1.      

It follows that the merger increases the risk of collusive market allocation if and only if: 

 𝑝̅𝑀 < 𝑝̅1 + 𝑝̅2    

or, equivalently:  

1 + 𝛼̃−𝐾 + 𝛼1 + 𝛼2

1 + 𝛼̃ − 𝛼1 − 𝛼2
 <  

1 + 𝛼̃−𝐾 + 𝛼1

1 + 𝛼̃ − 𝛼1
+

1 + 𝛼̃−𝐾 + 𝛼2

1 + 𝛼̃ − 𝛼2
 

Let 𝛼̅ = 𝛼𝑀 2⁄ , 𝛼1 = 𝛼̅ + 𝑥, and 𝛼2 = 𝛼̅ − 𝑥 where 0 ≤ 𝑥 < 𝛼̅ (without loss of generality, we 

assume 𝛼1 ≥ 𝛼2). Thus, 𝛼̅ is the average capacity of the two merging firms and 𝑥 measures 

the asymmetry between the two firms. The merger increases the risk of collusive market 

allocation if and only if:  

1 + 𝛼̃−𝐾 + 2𝛼̅

1 + 𝛼̃ − 2𝛼̅
 <  

1 + 𝛼̃−𝐾 + 𝛼̅ + 𝑥

1 + 𝛼̃ − 𝛼̅ − 𝑥
+

1 + 𝛼̃−𝐾 + 𝛼̅ − 𝑥

1 + 𝛼̃ − 𝛼̅ + 𝑥
 

First, consider the limit as 𝑥 → 𝛼̅, i.e., the merging firms are very asymmetric. The above 

condition tends to:  

1 + 𝛼̃−𝐾 + 2𝛼̅

1 + 𝛼̃ − 2𝛼̅
 <  

1 + 𝛼̃−𝐾 + 2𝛼̅

1 + 𝛼̃ − 2𝛼̅
+

1 + 𝛼̃−𝐾

1 + 𝛼̃
 

which is always true. By continuity, that proves part (i): a merger of sufficiently asymmetric 

members of 𝐾 (the potential cartel) increases the risk of collusive market allocation.    
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Second, assume 𝑥 = 0, i.e., the merging firms are symmetric. Then, the merger increases the 

risk of collusive market allocation if and only if: 

1 + 𝛼̃−𝐾 + 2𝛼̅

1 + 𝛼̃ − 2𝛼̅
 <  2

1 + 𝛼̃−𝐾 + 𝛼̅

1 + 𝛼̃ − 𝛼̅
 

Note that 𝛼̃ > 𝛼̃−𝐾 + 2𝛼̅, 𝛼̃−𝐾 ≥ 0, and 𝛼̅ > 0. Since both denominators are positive, the 

inequality can be rewritten as: 

2(1 + 𝛼̃−𝐾 + 𝛼̅)(1 + 𝛼̃ − 2𝛼̅) > (1 + 𝛼̃−𝐾 + 2𝛼̅)(1 + 𝛼̃ − 𝛼̅) 

which reduces to (1 + 𝛼̃−𝐾)(1 + 𝛼̃ − 3𝛼̅) > 2𝛼̅2 or equivalently (using 𝛼̅ = 𝛼𝑀 2⁄ ) to 

(1 + 𝛼̃−𝐾)(2 + 2𝛼̃ − 3𝛼𝑀) > 𝛼𝑀
2. That proves part (ii).  

Part (iii) then follows from observing that   

𝑔(𝑥) =
1 + 𝛼̃−𝐾 + 𝛼̅ + 𝑥

1 + 𝛼̃ − 𝛼̅ − 𝑥
+

1 + 𝛼̃−𝐾 + 𝛼̅ − 𝑥

1 + 𝛼̃ − 𝛼̅ + 𝑥
 

is increasing in 𝑥. Thus, if a merger of symmetric cartel members increases the risk of 

collusive market allocation, i.e., their combined capacity 𝛼𝑀 satisfies the inequality in part 

(ii), then a merger of asymmetric cartel members that have the same combined capacity 𝛼𝑀 

will also increase the risk of collusive market allocation.  

A.2. Proof of Proposition 3 

The suppliers’ costs are i.i.d. on [0,1] with CDF 𝐺(𝑐) = 1 − (1 − 𝑐)𝛼 where 𝛼 > 0. Again, we 

use Lemma 1 in WP to calculate suppliers’ (ex-ante expected) profits under alternative 

scenarios. 

Pre-Merger 

The profit of supplier 𝑖 in the absence of collusion is: 

𝜋0,𝑖(𝑝𝑟𝑒) =
𝛼

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
                              

The profit of colluding supplier 𝑖 conditional on being selected as an active bidder is:  

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒) =

𝛼 

[1 + (𝑛 − 𝑘 + 𝑚 − 1)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]
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Since the cartel would find it profitable to engage in market allocation and would optimally 

designate 𝑚 active bidders (where 2 ≤ 𝑚 ≤ 𝑘 − 2), the probability 𝑚 𝑘⁄  that a cartel 

member is selected to be an active bidder is higher than the critical selection probability: 

𝑚

𝑘
≥ 𝑝̅ =

𝜋0,𝑖(𝑝𝑟𝑒)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒)

=
[1 + (𝑛 − 𝑘 + 𝑚 − 1)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
                    (𝐴1) 

Post-Merger  

Two cartel members merge into firm 𝑀. In the absence of collusion, the profit of firm 𝑀 is: 

𝜋0,𝑀(𝑝𝑜𝑠𝑡) =
2𝛼

[1 + (𝑛 − 2)𝛼](1 + 𝑛𝛼)
                                 

and the profit of each of the other cartel members is 𝜋0,𝑖(𝑝𝑜𝑠𝑡) = 𝜋0,𝑖(𝑝𝑟𝑒).  

Assume that post-merger the cartel either selects 𝑚 cartel members that do not include 

firm 𝑀 or, instead, selects firm 𝑀 and 𝑚 − 2 other cartel members (i.e., 𝑚 is the total 

number of cost draws selected both pre-merger and post-merger). Note that, in either case, 

if a cartel member other than firm 𝑀 is selected to be an active bidder then it will face 

bidding competition from 𝑛 − 𝑘 + 𝑚 − 1 rival cost draws, as was the case pre-merger. 

Therefore, for cartel members other than firm 𝑀, the critical selection probability remains 

equal to 𝑝̅, as given in (A1).  

The profit of firm 𝑀 conditional on being selected as an active bidder is: 

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡) =

2𝛼

[1 + (𝑛 − 𝑘 + 𝑚 − 2)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]
 

and therefore, for firm 𝑀, collusive market allocation is profitable if firm 𝑀’s probability 𝑝𝑀 

of being selected satisfies: 

𝑝𝑀 ≥ 𝑝̅𝑀 =
𝜋0,𝑀(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
[1 + (𝑛 − 𝑘 + 𝑚 − 2)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]

[1 + (𝑛 − 2)𝛼](1 + 𝑛𝛼)
 

We are left to show that 𝑝̅𝑀 ≤ 𝑝̅. That will complete the proof because, if all cartel members 

other than firm 𝑀 are selected with probability 𝑚 𝑘⁄ , then firm 𝑀 can also be selected with 
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probability 𝑝𝑀 = 𝑚 𝑘⁄  and, since 𝑚 𝑘⁄  ≥ 𝑝̅ (the non-merging cartel members find collusion 

profitable), 𝑝̅𝑀 ≤ 𝑝̅ implies 𝑚 𝑘⁄ ≥ 𝑝̅𝑀 and thus firm 𝑀 also finds collusion profitable. 

Simple algebra shows that 𝑝̅𝑀 ≤ 𝑝̅ reduces to (𝑚 − 𝑘)𝛼2 ≤ 0 which holds because 𝑚 ≤ 𝑘.   

A.3. Proof of Example 3  

Consider first the case with 𝑚 = 1: 

𝜋0,𝑖(𝑝𝑟𝑒) =
𝛼

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
=

35

3294
                             

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒) =

𝛼 

[1 + (𝑛 − 𝑘)𝛼][1 + (𝑛 − 𝑘 + 1)𝛼]
=

35

858
 

𝜋0,𝑀(𝑝𝑜𝑠𝑡) =
2𝛼

[1 + (𝑛 − 2)𝛼](1 + 𝑛𝛼)
=

70

2867
 

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡) =

2𝛼

[1 + (𝑛 − 𝑘)𝛼][1 + (𝑛 − 𝑘 + 2)𝛼]
=

7

104
 

The critical selection probability pre-merger is: 

𝜋0,𝑖(𝑝𝑟𝑒)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒)

=
858

3294
≅ 0.260 

Since 5 × 0.26 > 1, it is not possible to select each of the five would-be colluders with 

probability greater than the critical selection probability, and hence collusive market 

allocation is unprofitable.   

Post-merger, the critical selection probability for the merged firm is: 

𝜋0,𝑀(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
1040

2867
≅ 0.363 

Since 0.363 + 3 × 0.26 > 1, collusive market allocation is unprofitable also post-merger. 

Consider now 𝑚 = 2. Collusive market allocation is unprofitable pre-merger because: 

𝑚

𝑘
= 0.4 <

𝜋0,𝑖(𝑝𝑟𝑒)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑟𝑒)

=
[1 + (𝑛 − 𝑘 + 𝑚 − 1)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
=

5280

13176
≅ 0.401 
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Post-merger, the critical selection probability for the merged firm is:  

𝜋0,𝑀(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
[1 + (𝑛 − 𝑘 + 𝑚 − 2)𝛼][1 + (𝑛 − 𝑘 + 𝑚)𝛼]

[1 + (𝑛 − 2)𝛼](1 + 𝑛𝛼)
=

1040

2867
≅ 0.363 

Collusion is now profitable because: 0.363 + 3 × 0.401 < 𝑚 = 2. 

A.4. Proof of Proposition 4 

Using Lemma 1, the assumption that market allocation is unprofitable when 𝑚 = 2, i.e.,   

𝜋0(𝑛)

𝜋0(𝑛 − 𝑘 + 2)
≥

2

𝑘
 

reduces to 1 + (𝑛 − 6)𝛼 ≥ 0 since 𝑘 = 3. That is always true for 𝑛 ≥ 6 since 𝛼 > 0, and 

implies 𝛼 ≤ 1 for 𝑛 = 5, and 𝛼 ≤ 0.5 for 𝑛 = 4. One can check that market allocation is 

unprofitable also when 𝑚 = 1 if it is unprofitable when 𝑚 = 2. That proves the statements 

in Proposition 4 regarding the unprofitability of market allocation pre-merger.   

Post-merger, suppose 𝑚 = 1. The merged firm’s critical selection probability equals:  

𝑝̅𝑀 =
𝜋0,𝑀(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
1 + (𝑛 − 4)𝛼

1 + 𝑛𝛼
 

where the second equality makes use of:   

𝜋0,𝑀(𝑝𝑜𝑠𝑡) =
2𝛼

[1 + (𝑛 − 2)𝛼](1 + 𝑛𝛼)
 

𝜋𝑀𝐴,𝑀
𝑖𝑛 (𝑝𝑜𝑠𝑡) =

2𝛼

[1 + (𝑛 − 4)𝛼][1 + (𝑛 − 2)𝛼]
 

For each of the other two cartel members, the critical selection probability equals:  

𝑝̅ =
𝜋0,𝑖(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
[1 + (𝑛 − 4)𝛼][1 + (𝑛 − 3)𝛼]

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
 

where the second equality makes use of:   

𝜋0,𝑖(𝑝𝑜𝑠𝑡) =
𝛼

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
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𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑜𝑠𝑡) =

𝛼

[1 + (𝑛 − 4)𝛼][1 + (𝑛 − 3)𝛼]
 

Market allocation is profitable if and only if 𝑝̅𝑀 + 2𝑝̅ < 1, which reduces to: 

 (𝑛 − 2)(𝑛 − 7)𝛼2 + (2𝑛 − 9)𝛼 + 1 < 0      (A2) 

The roots are 𝛼 = −1 (𝑛 − 2)⁄  and 𝛼 = 1 (7 − 𝑛)⁄ . It follows that, when 𝑚 = 1, market 

allocation is never profitable post-merger if 𝑛 ≥ 7 and, if instead 𝑛 ∈ {4,5,6}, market 

allocation is profitable for 𝛼 > 𝛼∗ = 1 (7 − 𝑛)⁄ .      

Suppose now that post-merger 𝑚 = 2. Following the framework of Proposition 3, the cartel 

either selects the merged firm (which obtains 2 cost draws) or selects the two non-merging 

cartel members (which obtain 1 cost draw each). In both configurations, 𝑛 − 2 draws are 

active in total. The merged firm’s critical selection probability is the same as above:  

𝑝̅𝑀 =
1 + (𝑛 − 4)𝛼

1 + 𝑛𝛼
 

while the critical selection probability for the pair of non-merging cartel members equals:  

𝑝̅ =
𝜋0,𝑖(𝑝𝑜𝑠𝑡)

𝜋𝑀𝐴,𝑖
𝑖𝑛 (𝑝𝑜𝑠𝑡)

=
[1 + (𝑛 − 3)𝛼][1 + (𝑛 − 2)𝛼]

[1 + (𝑛 − 1)𝛼](1 + 𝑛𝛼)
 

Market allocation is profitable if and only if 𝑝̅𝑀 + 𝑝̅ < 1, which reduces to: 

 (𝑛2 − 9𝑛 + 10)𝛼2 + (2𝑛 − 9)𝛼 + 1 < 0      (A3) 

The roots are 𝛼 = (2𝑛 − 9 ± √41) [2(9𝑛 − 𝑛2 − 10)]⁄ . It follows that, when 𝑚 = 2, market 

allocation is never profitable post-merger if 𝑛 ≥ 8 and, if instead 𝑛 ∈ {4,5,6,7}, market  

allocation is profitable for 𝛼 > 𝛼∗∗ = (2𝑛 − 9 + √41) [2(9𝑛 − 𝑛2 − 10)]⁄ .     

One can check that 𝛼∗∗ < 𝛼∗ for 𝑛 ∈ {4,5,6}. Calculating the value of 𝛼∗∗ for 𝑛 ∈ {4,5,6,7} 

completes the proof.  
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Appendix B: Model with interim reallocation 

The model in the body of the paper assumes that the cartel selects the active bidder(s) 

before costs are realized, which creates the inefficiency at the heart of the analysis. That is a 

realistic assumption for certain market allocation schemes (e.g., territory allocation) but 

perhaps less so for bid rigging in individual auctions, where colluding bidders may share 

cost information before deciding who will bid in the buyer’s auction. This appendix relaxes 

that assumption by considering an alternative model where the cartel selects a single active 

bidder ex-ante, as in LM, but the selected bidder can auction off its “right” to participate in 

the buyer’s auction (after costs are realized).  

For simplicity, the model assumes that the cartel designates only one bidder (i.e., 𝑚 = 1). 

We add an interim stage, before the auction but after the suppliers’ costs are realized, 

where the designated bidder, say supplier 1, invites the other colluding suppliers to 

participate in a second-price auction for the reallocation of the right to bid in the buyer’s 

auction.15 Supplier 𝑖’s interim expected profit from bidding in the buyer’s auction is (before 

any payment to supplier 1):16 

𝛱(𝑐𝑖) = ∫ (1 − 𝑐)(𝑛−𝑘)𝛼
1

𝑐𝑖

𝑑𝑐 =
(1 − 𝑐𝑖)

(𝑛−𝑘)𝛼+1

(𝑛 − 𝑘)𝛼 + 1
. 

Thus, 𝛱(𝑐𝑖) is the maximum amount that a colluding supplier with realized cost 𝑐𝑖 is willing 

to pay to replace supplier 1 in the buyer’s auction. The minimum payment that supplier 1 is 

willing to accept is 𝛱(𝑐1).   

Supplier 1 sets a reserve price 𝑤 in the reallocation auction to maximize her expected 

profit. A colluding supplier 𝑖 (where 2 ≤ 𝑖 ≤ 𝑘) bids if and only if 𝛱(𝑐𝑖) ≥ 𝑤 or, equivalently, 

𝑐𝑖 ≤ 𝑐̅(𝑤) where 𝑐̅(𝑤) = 𝛱−1(𝑤) is the cost cutoff value implied by the reserve price 𝑤. 

Alternatively, supplier 1 sets the cutoff 𝑐̅ and the corresponding reserve price is 𝑤 = 𝛱(𝑐̅). 

 
15  Since the cartel selected supplier 1 as the designated bidder ex-ante, an efficient collusion 

mechanism à la Mailath and Zemsky (1991) is not feasible interim.       

16     See the proof of Lemma 1 in WP. 
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Let 𝐺̅ = 𝐺(𝑐̅; 𝛼). Given 𝑐1, supplier 1 sets 𝑐̅  to maximize: 

[1 − 𝐺̅]𝑘−1 𝛱(𝑐1)   +   (𝑘 − 1)𝐺̅[1 − 𝐺̅]𝑘−2 𝛱(𝑐̅) 

+   (𝑘 − 1)(𝑘 − 2) ∫ 𝐺(𝑐; 𝛼) [1 − 𝐺(𝑐; 𝛼)]𝑘−3 𝑔(𝑐; 𝛼) 𝛱(𝑐) 𝑑𝑐.
𝑐̅

0

 

The first term corresponds to the event where no colluding partners bid in the reallocation 

auction, in which case supplier 1 will bid in the buyer’s auction and earn 𝛱(𝑐1); the second 

term corresponds to the event where only one colluding partner bids, in which case 

supplier 1 obtains the reserve price 𝛱(𝑐̅); and the third term corresponds to the event 

where two or more colluding partners bid, in which case supplier 1 receives the second 

highest value of {𝛱(𝑐𝑖); 2 ≤ 𝑖 ≤ 𝑘)}.   

Proposition 5. Interim reallocation reduces the inefficiency from market allocation (𝑐̅ > 0) 

but does not eliminate it (𝑐̅ < 𝑐1).     

Proof. The first-order condition simplifies to: 

𝐹(𝑐̅) =
𝜕

𝜕𝑐̅
{[𝛱(𝑐̅) − 𝛱(𝑐1)]𝐺(𝑐̅; 𝛼)} = 0.                                                                    

Since 𝛱(𝑐̅) and 𝐺(𝑐̅; 𝛼) are respectively strictly decreasing and strictly increasing in 𝑐̅, we 

have 𝐹(0) > 0 and 𝐹(𝑐1) < 0, implying 0 < 𝑐̅ < 𝑐1 for all 𝑐1 ∈ (0,1). ∎ 

Proposition 4 implies that, if collusion through market allocation occurs, the buyer benefits 

from interim reallocation. Intuitively, the number of bidders is 𝑛 − 𝑘 + 1 with and without 

interim reallocation. However, with reallocation the colluding supplier that bids in the 

buyer’s auction is on average stronger than without reallocation.  

Table 2 illustrates Proposition 4’s implications for the profitability of all-inclusive market 

allocation among three firms (𝑘 = 𝑛 = 3) and for different values of the skewness 

parameter 𝛼.17 It reports the ex-ante expected profit of a firm for three scenarios: no 

 
17  Table 2 is derived numerically because there is no closed-form solution for 𝑐̅.    
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collusion (first row), market allocation without interim reallocation (second row), and 

market allocation with interim reallocation (third row). In each of the second and third 

rows, the highlighted cells indicate that market allocation is profitable relative to no 

collusion. Accordingly, interim reallocation increases the risk of collusive market allocation 

but does not make it always profitable.    

Table 2. Colluders' Expected Profit When 𝑘 = 𝑛 = 3                                       

        

  𝛼 = 1 𝛼 = 0.75 𝛼 = 0.5 𝛼 = 0.4 𝛼 = 0.3 𝛼 = 0.2 𝛼 = 0.1 

No collusion 0.083 0.092 0.100 0.101 0.099 0.089 0.064 

Market allocation without  
interim reallocation  

0.167 0.143 0.111 0.095 0.077 0.056 0.030 

Market allocation with  
interim reallocation  

0.236 0.215 0.181 0.162 0.138 0.106 0.062 
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